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vAbstract
Dynamic Response of Dielectric Lenses Influenced By Radiation Pressure
Daniel George Schuster Jr.
Supervising Professor: Dr. Mario W. Gomes
Through analytical modeling and numerical simulations the dynamic response and stability
of dielectric lenses that are influenced by radiation pressure forces and torques is investi-
gated. Radiation pressure forces and torques are applied to the system via momentum trans-
fer between the laser beam light and lens. The 2D response of a rolling semi-cylindrical
rod that is influenced by radiation pressure is simulated using constant and modulating light
intensities. Stable oscillations and regions of stability in the motion of the semi-cylindrical
rod are found for both a mirrored and non-mirrored rod. The results showed that at a crit-
ical intensity of 1.72 × 106 W/m2 and 12.81 × 106 W/m2 the mirrored and non-mirrored
rods motion bifurcates and begins to show neutrally stable oscillations around some higher
angular orientation. Lastly, it was shown that by sinusoidally modulating the laser intensity
that the motion showed stable oscillations around previously unstable equilibrium angles
of attack for a constant intensity.
The dynamics of a gravity-free 3D hemisphere that is influenced by radiation pressure
is also considered. The motion of the system is analyzed to produce various types of gyro-
scopic motion. Using analytical and numerical techniques pure precessional motion along
with looping, sinusoidal, and cuspsoidal nutation was shown. By first utilizing a closed
loop PID controller, an open loop control algorithm was developed using an intensity time
history from the closed loop system. The intensity time history was then applied to allow
for angular position control of the hemisphere for a region of a 4D parameter space. The
results showed that for a given parameter space approximately 25% of the initial condi-
tion parameter space allowed for the steady state angular position of the hemisphere to be
within 5o of the incoming laser light direction.
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9Nomenclature
2D semicylinder Nomenclature
~a = Acceleration vector
c = Speed of light
~F = Force vector
FL = Radiation pressure lift force
FS = Radiation pressure scatter force
g = Acceleration due to gravity
Ff = Friction force
ıˆ ˆkˆ = Fixed inertial frame unit vectors
I = Laser light intensity
Icm = Mass moment of inertia
Icrit = Critical intensity for pitchforking bifurcation for mirrored rod
Icusp = Intensity for where cusp occurs in non-mirrored rod
Io = Intensity modulation amplitude
Ip = Critical intensity for pitchforking bifurcation for non-mirrored rod
L = Cylinder out of plane length
~M = Moment vector
m = mass
N = Normal Force
QL,S,T = Radiation pressure lift, scatter, and torque force efficiency
~r = Position vector
R1 = Radius of cylinder
R2 = Distance from center of cylinder to center of mass
t = time
Tz = Radiation pressure torque
uˆ1,2 = Body reference frame unit vector
˙ˆu = 1st time derivative of unit vector
¨ˆu = 2nd time derivative of unit vector
~v = Velocity vector
α = Angular acceleration vector
δ = Mathieu equation parameter
∆ = Hill’s infinite determinant
 = Mathieu equation parameter
ω = Intensity modulation frequency
ωg = Oscillation frequency in the absence of radiation pressure
ωn = Oscillation Frequency
ρ = Cylinder material density
θ = Angle of attack
θ˙ = Angular velocity
θ¨ = Angular acceleration
θeq = Equilibrium angle of attack
τ = Scaled time
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3D Nomenclature
c = Speed of light
E = Total system energy
Fz = Radiation pressure lift force
Fy = Radiation pressure scatter force
~˙H = Time derivative of angular momentum vector
I = Light intensity
Icm = Mass moment of inertia matrix
Ia,yy = Mass moment of inertia components
ıˆ1 ˆ1 kˆ1 = Fixed inertial coordinate frame
ıˆ j ˆj kˆ j = Jth coordinate frame
L = Lagrangian
KP = Proportional term in PID controller
KI = Integral term in PID controller
KD = Derivative term in PID controller
m = Mass
nˆ = Normal unit vector
Qx,y,z = Radiation pressure efficiency terms
r1 = Hemisphere radius
~r = position vector
[T1,2,3] = Transformation matrices
T = Kinetic Energy
Tt = Translational Kinetic Energy
Tr = Rotational Kinetic Energy
Tx = Radiation pressure torque
UQ = Curve fit potential function for radiation pressure torque efficiency
U = Potential energy
~vcm = Velocity vector
x0,1,2,3 = Integration constants
x˙, y˙, z˙ = XYZ Velocity components
∆ = Constant
η = Constant nutation angle
 = Nutation perturbation parameter
κ = Constant
~∇ = Differential vector operator
Ω = Constant precession rate
~ω = Angular velocity vector
ω = Nutation oscillation frequency
ωx,y,z = XYZ angular velocity components
φ = Nutation angle and angle of attack
φ˙ = Nutation angular velocity
φ¨ = Nutation angular acceleration
φ0 = Initial nutation angle
~Θ = Differential rotational path vector
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3D Nomenclature Cont.
φ˙0 = Initial nutation rate
ψ = Spin angle
ψ˙ = Spin angular velocity
ψ¨ = Spin angular acceleration
ψ0 = Initial spin angle
ψ˙0 = Initial spin rate
σ˙ = Precession perturbation rate
θ = Precession angle
θ˙ = Precession angular velocity
θ¨ = Precession angular acceleration
θ0 = Initial precession angle
θ˙0 = Initial precession angular rate
~τ = Torque vector field
ξ = Constant
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Chapter 1
Background Information
1.1 Introduction
The earliest concept of radiation pressure was initially established by Johannes Kepler in
1609 to explain why the tails of comets are always pointing away from the sun. In 1862,
James Clerk Maxwell published A Treatise on Electricity and Magnetism [17]. His theories
of electromagnetism described how light can possess momentum and therefore produce
radiation pressure on objects when they are exposed to electromagnetic waves. This theory
was proven to be true experimentally in 1900 by Pyotr Lebedev as he demonstrated how
radiation pressure can be measured on solid bodies [35].
Through the work of many researchers the application of radiation pressure to solar
sails is no longer a fictional idea. Recent sail projects by NASA, Sunjammer Project and
NanoSail D2, have shown that radiation pressure can be a viable means of space transporta-
tion. The next-generation design of these sails is to be able to provide more control and
maneuverability to these vehicles [4, 13, 14, 20, 22, 32].
One class of the potential next-gen devices are microscopic sized dielectric lenses [31].
When these lenses have a cambered shaped and the right optical properties, they can expe-
rience optical lift forces when exposed to light and radiation pressure.
The potential use of these lenses can provide a great advantage over traditional systems
13
Figure 1.1: NASA Sunjammer Solar Sail, scheduled for launch in 2015. Image taken from [9]
in that they require no fuel, are very light weight due to the small scale, and potentially con-
tain characteristics ideal for steering and manipulating sail crafts. Although the radiation
pressure force on one lens is very small, using multiple lenses in an array could provide a
large enough force to allow for their application in solar sails. To be able to apply these
small dielectric lenses to steering solar sails and other movement applications, the dynamic
response and characteristics of these objects is critical.
1.2 Literature Review
To be able to begin to understand the motion of a semi-cylindrical rod that is exposed to
radiation pressure, it is useful to have an understanding of the previous work done that
is related to radiation pressure and optical lift on semi-cylindrical shaped lenses. Many
researchers have shown that electromagnetic waves have momentum despite having no
mass and can transmit a force to an object via momentum transfer. Recently the application
of optical lift is being studied and applied to small optical lenses. Recent articles by [2,
28, 29, 31] have illustrated the concepts of radiation pressure and with an application to
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cambered shaped lenses.
In the following subsections the research described in [2, 28, 29, 31] is reviewed to
give an overview of the relevant work related to radiation pressure on semi-cylinders.
1.2.1 Stable Optical Lift by Grover Swartzlander et al.
This section provides a brief summary of a research paper published by Swartzlander et al.
(2010), which includes 1) a theoretical derivation of radiation pressure with an application
to semi-cylindrical rods, 2) optical property variation and their effects on stability, and 3)
an experiment to verify that dielectric lens can be moved using optical lift.
Theoretical Derivation of Radiation Pressure on Semi-Cylindrical Rod
Swartzlander et al. were able to show that initially starting with the Kutta-Joukowski ex-
pression for aerodynamic lift as
Fx =
∮
pnˆ · xˆda (1.1)
the lift force in the x direction can be related to a pressure p that is distributed over a
wing surface. Similar to aerodynamic lift, the Minkowski expression for the force on a
dielectric interface or surface always acts normal to that surface. This expression can be
directly substituted in Eqn. 1.1 for the pnˆda term. The Minkowski expression for the force
from a pencil of light rays of power Pj , can be defined as
~Fray,j = (
−Pj
c
)[n2,j cos(θ2,j )(1 − R j ) − n1,j cos(θ1,j )(1 + R j )]nˆ j (1.2)
where n1,j and n2,j are the refractive indexes of the incident and refracted rays, θ1,j and
θ2,j are the angles of incidence and refraction, c is the speed of light in a vacuum, and R j is
the angle-dependent and polarization dependent reflection coefficient [23].
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Figure 1.2: Ray-tracing illustration showing how the incoming rays reflect and refract when they pass into
the rod. Different angles of attach are shown as well as the resultant forces and torque. The lift force in this
diagram is in the x direction. The Minkowski radiation pressure force from each ray can be seen as the green
lines on the surface. Image taken from [23].
Swartzlander et al. modified an open source version of Persistence of Vision ray trac-
ing program (POV-ray) to develop a program that could accurately calculate the angles of
reflected and refracted light, Fresnel coefficients, and the forces and torques produced by
radiation pressure on a semi-cylindrical rod by using an efficiency for the momentum trans-
fer process. Fig. 1.2 illustrates the ray tracing in POV-ray for different angles of attack for
the rod. The net force and torque produced on the rod in terms of efficiency Qx , Qz, and
QT can be seen below.
~F =
n1P
c
(Qx xˆ + Qz zˆ) =
n1P
c
Q(cos(Θxˆ) + sin(Θzˆ)) (1.3)
~T =
n1PR
c
QT yˆ (1.4)
Where P is the total beam power, Qx , Qz, and QT are the efficiencies in the x, z and y
directions.
Stable Rotational Equilibrium and Optical Properties
To maintain stable rotational equilibrium Ty = 0 and ∂T∂α < 0. Swartzlander et al. were able
to determine that there are 4 angles of attack that met this condition, α1,α2, and 180− α1,2.
The results showed that these values occurred when the relative refractive index, m =
npar t icle
nhost
, falls within the range of 1 to 1.4. When m is greater than 1.4 two angles were
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Figure 1.3: Predictions for stable lift angles and corresponding angle of attack as a function of refractive
index m. Image taken from [23]
found, α1 and 180−α1. A plot of stable angles of attack for various refractive index values
can be seen in figure 1.3. [23]
Swartzlander et al. determined that the maximum lift angle, Θ, was 60o when the
refractive index is 1.05 and 1.2. They found that when m = 1.2 the lift force can exceed the
scattering force by more than 70%. Also they determined that using the efficiency of the
momentum transfer 10-20% of the momentum from the incoming rays could be transferred
to the lens in the form of a stable lift force [23].
Construction and Experiment of Optical Lens
Swartzlander et al. then demonstrated that the theoretical calculations could be applied to
an actual optical wing through experimentation. After the rods were fabricated they were
submerged in a water and surfactant solution. A laser with wavelength 975nm was shined
on the lens from the bottom.
With the refractive index, m = 1.2 and the laser power at 130 mW it was seen that
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Figure 1.4: Time-lapsed image of the semi-cylindrical rod moving through water during experimentation
when laser light is focused on the rod. Verifying that optical lift can be achieved on these rods. Image taken
from [23]
the optical wings began to move in the fluid due to the lift and scatter force. They esti-
mated that the maximum lift velocity of the rod was 3.5 µm/s and the scatter velocity was
2.5µm/s [23]. This ratio of speeds corresponded to a lift angle of 55o. A time lapse picture
of the wing transversing through water can be seen in Fig. 1.4.
Significance
Swartzlander et al. were able to show that optical lift of dielectric semi-cylindrical rods
was possible given the right optical and geometric properties, and that different optical
properties can drastically effect how the lenses respond to radiation pressure. The results
show that the response of the lenses could be predicted by altering the optical properties of
the rod.
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Figure 1.5: Schematic showing the axes and angles. The angle of attack, α, and the angle at which the excess
force acts, Φ f are shown. Image taken from [28]
1.2.2 Optical Lift From Dielectric Semi-Cylinders by Simpson et al.
Simpson et al. were able to investigate into how various parameter variations of a semi-
cylindrical rod’s radius, a and refractive index, η, effect the rods; lift angle Φ, equilibrium
angle of attack α, lift force f y, scatter force f x , and torque tz. Figure 1.5 shows schematic
of the rod, coordinate system, and angles used in this analysis.
An investigation into generating lift force, scatter force, and torque for various radii as
a function of attack angle was done. The radii varied from 0.5µm to 5µm. The radiation
forces and torque were divided by La and La2 respectively. By then looking at the force
and torque curves for various radii it can be seen that for larger radii the values began to
converge. Indicating that the radiation force is proportional to La and increases as the
radius increases. Similarly with torque, the torque can be seen as proportional to La2 and
also increases as the radius increases [28]. Figure 1.6 shows the results for radiation forces
and torques for a given radius.
Simpson et al. then investigated how varying the refractive indices of the rod effected
the equilibrium angle of attack, αeq for various radii. They also investigated, for that given
αeq, what was the scaled force modulus
| f |
La , lift angle Φ f , and torsional stiffness
Krz
La3 . The
condition for stable rotational equilibrium is the same as in Swartzlander et al., for which
∂tz
∂α < 0. Figure 1.7 shows the results for the varying refractive indices.
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Figure 1.6: Illustration showing forces and torques experienced by rod with n = 1.3, L = 1 µm; and various
radii, a. Image taken from [28]
Figure 1.7: Illustration showing stable angle of attack, resulting lift angle, force modulus, torsional stiffness
for a rod of length 1 µm, with six distinct refractive indices, and a from 0.1-5 µm. Image taken from [28]
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Figure 1.7 shows for small radii the refractive index does not have an effect on the stable
angle of attack, αeq. However, as the radius for the rod increases the equilibrium angle of
attack for various refractive indices begin to separate and flatten out to a consistent value
Indicating that for larger radii and a specific refractive index, the equilibrium angle for the
rod is relatively constant.
Upon analyzing the force modulus and torsional stiffness, it can be seen that there is a
large variation for small radii but as the radius increases the value for the force modulus
and stiffness begin to converge to a value for various refractive indices. Similar results were
seen in the initial radii variation in Fig. 1.6.
The lift angle Φ f again shows a similar trend to the angle of attack for small radius
values. While for varying refractive indices the values for the lift angle remain relatively
the same. However, as the radius increases the lift angle begins to oscillate [28]. Simpson
et al. determined that these oscillations have two periods and that they derive from the
geometric resonances of the structure [28].
Significance
Simpson et al. was able to determine that varying the geometric and optical properties of
the rods can change the rods response to radiation pressure. The key takeaways was that
they showed that for the radius of the rod greater than 1µm that force and torque moduli
values are scalable with the geometric properties of the rod. Indicating that the amount of
force and torque on the rod increases as the size of the rod increases. Similar results were
seen when the refractive index was varied at the equilibrium angle of attack.
1.2.3 Refractive Optical Wing Oscillators With One Reflective Surface by Artusio-
Glimpse et al.
Artusio-Glimpse et al. investigated into how altering the shape of an optical wing can
effect the wings response to radiation pressure and torque. The main focus was on how the
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Figure 1.8: Schematic of rod used for analysis. In this orientation the lift force will be in the x direction.
Image taken from [2]
Figure 1.9: Diagram of two wing oscillators having reflective back surfaces. (a) semicylinder: R = 0.5 units.
(b) Trapezoidal rod: T = 0.21, H = 0.30, and B = 1.0 units. Image taken from [2]
angular velocity and torsional stiffness values changed as functions of the angle of attack
for a semi-cylindrical rod and a trapezoidal rod. Figures 1.8 and 1.9 show the schematic
and shape used for cylindrical and trapezoidal rod.
Artusio-Glimpse et al. initially made the prediction that by applying a metallic mirrored
backing to the cylindrical rod and trapezoidal rod that there would be a torque that restores
the rod to light facing direction when the rods were modeled as floating in space with no
gravity. The results showed that the rods could stably oscillate when given some initial
angle of attack. However, if the rods were given too much of an angle or too much initial
angular velocity the rods would begin to tumble and not show a stable oscillating cycle.
This result is illustrated in Fig. 1.10, as a phase diagram for both shapes. [2]
Upon investigating the differences in torsional stiffness for each rod with various refrac-
tive indices, it was determined that both objects torsional stiffness values increased with
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Figure 1.10: Phase diagram at n = 1.5 for semicylinder and trapezoidal rod. [2]
Figure 1.11: Relative rotational stiffness against refractive index. Trapezoid curve is linear between 1.45 and
1.65, and semicylinder curve is linear between 1.5 and 1.7. Image taken from [2]
increasing refractive index, but the trapezoid’s torsional stiffness was found to be stiffer
for all refractive index values when compared to the semi-cylindrical rod. A plot of the
torsional stiffness values for each rod can be seen in Fig. 1.11.
Significance
Artusio-Glimpse et al. concluded that the semi-cylindrical rod has a larger range of θ values
that allow the rod to oscillate about zero. They also found that the trapezoidal rod had a
larger rotational stiffness value for all values of relative refractive index. They concluded
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that these properties can be utilized to use either rod depending on the application of use.
1.3 Research Motivation
The motivation for this research is to provide a better understanding into how radiation
pressure effects the dynamic response of dielectric lenses. To begin to provide a better
understanding into these systems, first an understanding into the dynamics of 2D and 3D
models of semi-cylindrical and hemisphere shaped lenses that are influenced by radiation
pressure forces and torque is needed. The majority of the previous research that has been
done on these systems has been restricted to 2D systems and is primarily concerned with
how varying the geometric and optical properties of these hemisphere effects the magnitude
of the radiation pressure forces and torque. This limited research has left much room and
need to analyze more complex models to gain a better understanding of the motions of
these system. The focus of this research is pertained to the motion and stability of these
motions for these lenses using constant and varying light intensities.
To further validate the complex dynamic behavior of these systems, the end goal would
be able to show these characteristics in the corresponding physical system through exper-
imentation. Because these microscopic lenses themselves do not have a direct application
as single objects, the main long term application is to apply a large system of these lenses
to solar sails and solar sail related technology. By utilizing the dynamic response of these
lenses when they are acted on by radiation pressure, they may be able to used in next-gen
navigation and control systems that are used in solar sails and solar sailing related technol-
ogy.
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Chapter 2
Nonlinear Response and Stability of a 2D Rolling
semicylinder During Optical Lift
The model and results discussed in this chapter have been submitted to Springer’s Nonlin-
ear Dynamics journal and are currently pending review.
In this chapter the response is found for a semi-cylindrical rod rocking on a level surface
while subjected to forces from radiation pressure and gravity. Changes in the oscillation
frequency of the rod as a function of light intensity are determined for both a mirrored
and non-mirrored rod. The simulation results show that the equilibrium positions for the
mirrored and non-mirrored rod exhibit a classic pitchfork and cusp catastrophe type bi-
furcation respectively. The critical pitchforking bifurcation intensity for the mirrored and
non-mirrored rod was determined to be 1.72 × 106 W/m2 and 12.81 × 106 W/m2 respec-
tively. The system’s equations of motion were linearized and compared to the non-linear
model’s response in both the time and frequency domain. By sinusoidally modulating the
laser intensity, the linearized equations of motion could be written in the form of Mathieu’s
equation. By choosing laser modulation parameters carefully, bounded stable oscillations
around θ = 0 for the mirrored cylinder were found with intensity amplitudes that otherwise
cause unstable oscillations if the intensity were constant. Lastly a comparison between the
bifurcation point and change in natural frequency as functions of intensity between a previ-
ous analytical derivation and the full non-linear model also showed that they agree closely
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for laser intensities near and below the critical intensity.
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2.1 Introduction
The development of large solar sails in space which derive their propulsive forces from
radiation pressure has become increasingly viable due to many advances in microscopic
technology. High powered lasers can be used on microscopic objects to generate optical lift
as a result of radiation pressure [5, 6]. Through theoretical techniques and experimentation,
semi-cylindrical rods can move in response to forces caused by radiation pressure through
the refraction and reflection of light [31]. To possibly extend the use of cambered shaped
objects to applications such as solar sails [4, 19] or moving small particles via radiation
pressure, understanding the dynamic response of these objects is critical.
The model examined here is a semi-cylindrical rod rolling on a surface without slip.
By illuminating this rod with high-intensity laser light, the behavior of the rod can be
changed. For this system, the response of the cylinder to the applied forces is analyzed.
Figure 2.1 shows a schematic of the this system illuminated from under the transparent
support surface.
The illumination of the cylinder by the laser beam results in a momentum transfer pro-
cess from the light to cylinder. This momentum transfer process causes a net torque and
net force, which is chosen to be applied at the center of mass and decompose into a lift
component and a scatter component [3] as seen in Fig. 2.2.
These forces and torque are assumed to be a function of the rocking angle, and are
found using a modified open source POV-Ray (Persistence of Vision Ray Tracer) ray trac-
ing program [23]. Previous studies have been able to investigate how changing the optical
and geometric properties of the rod, as well as consideration of a wave-optics model, ef-
fect these radiation pressure forces and the resulting torque on the cylinder [28, 29]. A
comparison between a ray optics and wave optics model can be seen in [28].
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Figure 2.1: Semi-cylindrical rod of radius R1 rolling on surface while being illuminated by laser light from
bottom in the ˆ direction. Angle of attack, θ, is the angle between the normal uˆ2 and the incoming light
direction ˆ. The COM is located a distance R2 from point “3”. Point “1”is the point on the ground with θ = 0,
and “2” is the point on the rod which is in contact with the ground when it is rolling. Note that the flat edge
is the mirrored surface for the mirrored rod
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Figure 2.2: Free body diagram of semicylinder showing the radiation pressure lift and scatter forces and
torque FL, FS, Tz , which are all assumed in the positive direction, at the COM of the cylinder. The effect of
the rolling on a surface with out slip causes a friction force, Ff, and normal force, N , at the surface contact
point or point “2” in Fig. 2.1. Note that the angle of attack, θ, is the angle between the normal vector nˆ and
the direction of the incoming light (for our model ˆ)
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Table 2.1: Model parameters used in analysis of rolling cylinder.
Parameter Value Units
Acceleration of Gravity, g 9.81 m/s2
Density of Cylinder, ρ 1060 kg/m3
Radius of Cylinder, R1 2.5 µm
Distance from “3” to COM, R2 4R1/3pi ≈ 1.06103 µm
Length of Cylinder, L 50 µm
Mass, m 0.5piR21 Lρ ≈ 5.20326 × 10−13 kg
Mass Moment of Inertia, Icm (0.5 − 16/(9pi2))mR21 ≈ 1.0402 × 10−24 kg ·m2
Speed of Light, c 3 × 108 m/s
Intensity of Light, I 0 − 107 W/m2
2.2 System Parameters and Modeling
This microscopic sized cylinder is modeled using a Newton-Euler formulation. To begin
this formulation the geometric and radiation pressure parameters can be defined. These
parameters can be found in Tab. 2.1.
2.2.1 Radiation Pressure Model and Implementation
The radiation pressure model that determines the forces and torque on the cylinder follows
a similar formulation and derivation described in [3, 31]. By using the modified POV ray
tracer, data tables of radiation pressure force and torque efficiency values can be formed
for various angles of attack θ [3, 23]. The angle of attack for the cylinder, θ, is the angle
between the normal vector and the light direction. Figures 2.1 and 2.2 show a schematic
and free body diagram for this model. The forces and torque are assumed to point in the
positive direction corresponding to the ıˆ ˆkˆ coordinate frame as shown in Fig. 2.1 and 2.2.
By generating data tables of efficiency of the forces and torque for various angles of attack,
the direction and magnitude of the forces and torque will be determined by the efficiency
values in the data tables.
30
The forces and torque acting at the center of mass (COM) of the cylinder can be deter-
mined using Eqns. 3.1 - 3.3.
FL = sign(θ)
2ILR1
c
QL (2.1)
FS =
2ILR1
c
QS (2.2)
Tz = sign(θ)
2ILR21
c
QT (2.3)
Where QL, QS, and QT are the values of the radiation efficiencies corresponding to lift,
scatter and torque respectively, and sign(θ) is the sign of the angle θ. The values of the lift,
scatter, and torque efficiencies for a mirrored and non-mirrored cylinder for 0 ≤ θ ≤ 180o
can be seen in Figs. 2.3 - 2.5. In this model only the efficiency values for 0 ≤ θ ≤ 90o
are used, since the cylinder is constrained to roll on a surface. When θ ≥ 90o our assumed
rolling constraint is violated and the lens would, if it does not slip, pivot about its corner.
Also the lift and torque efficiencies are odd functions about θ = 0o while the scatter force
is an even function about θ = 0o. Therefore when the equations of motion (EOM) of the
cylinder are derived, to account for negative rotation angles of θ the sign of the angle can
be used in Eqns. 3.1 and 3.3 to determine the direction of the force, while the magnitude is
determined from the data tables. Data tables of these efficiency curves for both the mirrored
and non-mirrored rods can be found in App. A.3 and A.4.
Figures. 2.3 - 2.5 show that the radiation efficiencies are not perfectly smooth functions
and have some small fluctuations. These fluctuations arise from the approximations made
in the ray tracing model, which include; the density of rays used, the maximum number
of boundary reflections and refraction, and wave optics effects ignored (ray optics model
only). As more rays are added and the number of ray boundary interactions is increased
the efficiency curves will converge to a smooth curve. The given efficiency curves can be
taken as an accurate approximation.
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Figure 2.3: Radiation lift efficiency, QL, as a function of angle of attack, θ, for the mirrored and non-mirrored
cylindrical rod
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Figure 2.4: Radiation scatter efficiency, QS, as a function of angle of attack, θ, for the mirrored and non-
mirrored cylindrical rod
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Figure 2.5: Radiation torque efficiency, QT, as a function of angle of attack, θ, for the mirrored and non-
mirrored cylindrical rod
2.2.2 Physical Modelling and Equations of Motion
To develop the EOM of the cylinder, first the kinematics of the cylinder are derived which
can then be used to formulate the EOM using a Newton-Euler approach. Figure 2.1 shows
a schematic of the cylinder rolling on a rigid surface without slip through an angle θ. The
angle through which the cylinder rotates, θ, is the angle of attack as seen in Fig. 2.2.
To determine the acceleration of the COM for the cylinder, position vectors can be
drawn from a fixed point “1” to the center of mass. Knowing that the system is a single
degree of freedom system, the position vectors can all be written in terms of θ. These
position vectors can be defined in terms of the fixed ıˆ ˆkˆ frame and a new uˆ1uˆ2uˆ3 body
frame. By using the coordinate transformation matrix in Eqn. 2.4 the unit vectors defined
in the uˆ1uˆ2uˆ3 body frame can be rewritten in terms of the ıˆ ˆkˆ frame.
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~rbody =

cos θ sin θ 0
− sin θ cos θ 0
0 0 1

~rfixed (2.4)
Figure 2.1 shows the cylinder with the corresponding fixed and body coordinate frames.
Note: Point “2” is not a point on the cylinder but the point where the cylinder contacts
the ground.
By taking the first and second derivatives with respect to time of the position vectors, the
COM velocity and acceleration vectors can be determined respectively. Since the cylinder
only rotates through θ, the angular acceleration vector is simply the second derivative of
θ with respect to time. Equations 2.5 - 2.7 show the absolute position, linear acceleration,
and angular acceleration vectors for the COM of the cylinder.
~rcm/1 = −R1θıˆ + R1 ˆ − R2uˆ2 (2.5)
~acm = −R1θ¨ıˆ − R2 ¨ˆu2 (2.6)
~α = θ¨ kˆ (2.7)
where,
˙ˆu2 = −θ˙ cos(θ)ıˆ − θ˙ sin(θ) ˆ (2.8)
¨ˆu2 = (−θ¨ cos(θ) + θ˙2 sin(θ))ıˆ − (θ¨ sin(θ) + θ˙2 cos(θ)) ˆ (2.9)
Now that the kinematics of the cylinder have been determined, the forces acting on
the cylinder can be used to form the EOM. Figure 2.2 shows a free body diagram of the
cylinder. Figure 2.2 shows there are forces acting at the COM caused by radiation pressure
and gravity, one moment caused by radiation pressure, and a contact force caused by the
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cylinder rolling on the surface.
By applying linear and angular momentum balance about the COM the EOM can be
found. These can be seen in Eqns 2.10 and 2.11.
∑
~F = m~acm = (Ff + FL)ıˆ + (FS − mg + N ) ˆ (2.10)∑
~M/cm = Icm~α = ~r2/cm × (Ffıˆ + N ˆ) + Tz kˆ (2.11)
Equations 2.10 and 2.11 show that there are 3 equations and 3 unknowns. The un-
knowns are the friction force, normal force, and the angular acceleration (Ff,N ,θ¨ respec-
tively). By solving for the friction and normal forces, a final expression for θ¨ can be found.
The equation of motion (EOM) for our system can be seen below as Eqn. 2.12.
θ¨ = ΦR − ΦG (2.12)
where,
ΦR =
Tz + FSR2 sin θ + FL(R2 cos θ − R1)
Icm + m(R21 + R
2
2 − 2R1R2 cos θ)
(2.13)
ΦG =
R2 sin θ(mg + mR1θ˙2)
Icm + m(R21 + R
2
2 − 2R1R2 cos θ)
(2.14)
Eqn. 2.12 is a 2nd order, non-linear, ordinary differential equation, and it is worth noting
the Tz,FL, and FS are non-linear functions of θ and are determined using Eqns 3.1 - 3.3
in Sect. 2.2.1. Solutions to Eqn. 2.12 can be approximated using numerical integration.
For this analysis an adaptive time step, fourth-order, Runge-Kutta integration routine that
is implemented in MATLAB using ode45. To ensure that our results were accurate, the
numerical errors were carefully evaluated. A convergence study showed that the integration
tolerance chosen was within an acceptable range. The results in a latter section compare
the numerical approximation to a linearized analytical solution to further verify that the
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Figure 2.6: Phase plane for mirrored cylinder at an intensity ratio I/Icrit < 1. It can be seen that the oscilla-
tions of the rod about the fixed point (θ = 0) is neutrally stable
numerics can accurately approximate the system’s response.
2.3 System Response For Mirrored Cylinder
Knowing that this system is effectively a mass and non-linear spring system, the main
goal was to determine how the response of the cylinder changed with laser intensity. This
change in response is first characterized by determining how the equilibrium points for the
system change. By altering the initial conditions and the laser light intensity for values of
0 ≤ θ(0) ≤ 60o and 0 ≤ I ≤ 10 × 106 W/m2 the motion of the semicylinder displayed
some interesting behavior. From the results of these various parameters, it was found that
there existed some critical intensity value, Icrit, where the cylinder changed from oscillating
around θ = 0, I/Icrit < 1 , to oscillating around some higher angle of θ, I/Icrit > 1. This
behavior is illustrated in Figs. 2.6 and 2.7 as a phase diagram for the low and high intensity
respectively.
Note: For this and subsequent analysis ˙θ(0) = 0 unless specified otherwise.
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Figure 2.7: Phase plane for mirrored cylinder at an intensity ratio I/Icrit > 1. It can be seen that the rod stably
oscillates around a larger angle of θ, and θ = 0 is no longer a stable fixed point
2.3.1 Equilibrium Search and Bifurcation
Solving for the equilibrium angles can be done numerically using the method of false po-
sition to solve for the roots of Eqn. 2.12 [25]. How these equilibrium points change as
a function of the light intensity can be visualized in Fig. 2.8 which shows pitchforking
bifurcation.
The intensity where the pitch-fork bifurcation occurs was found to be Icrit ≈ 1.72 ×
106 W/m2. For I/Icrit > 1 the upper and lower branches of the bifurcation plot correspond
to a neutrally stable equilibrium angles while the branch at θ = 0o is unstable. As the
laser intensity is increased from a value that is below the critical intensity, the neutrally
stable equilibria smoothly increase in magnitude until the intensity is above approximately
2.91 × Icrit, after which the value of the fixed points remain relatively constant at around
θ = 82o.
2.3.2 Natural Frequency and Linearization
Knowing that the equilibrium points of this system change as a function of the intensity,
it is expected that there also will be a change in the frequency of oscillation of the system
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Figure 2.8: Bifurcation plot of mirrored cylinder showing stable and unstable angles of attack as a function
of normalized intensity. The intensity values are normalized with the critical intensity to allow for a better
representation of the system. The critical intensity, Icrit, where the bifurcation occurs is Icrit ≈ 1.72 ×
106 W/m2
that also depends not only on the light intensity but also the initial conditions of the system.
This change in frequency was found by first deriving an analytical expression for the natural
frequency and then comparing that to the numerical results.
To develop an closed-form expression for the natural frequency, analytic expressions
for the radiation efficiencies are needed. These can be found by curve-fitting the data tables
for a range of θ. The curve-fits used for the efficiencies are valid in the range 0 ≤ θ ≤ 80o
and are given in Eqns. 2.15 - 2.17. The coefficients used in Eqns. 2.15 - 2.17 can be found
in App. A.1. Figures 2.9 and 2.10 show the curve-fits in Eqns. 2.15 - 2.17 along with the
data from which they were derived.
QL = a1θ4 + a2θ3 + a3θ2 + a4θ + a5 (2.15)
QS = b1θ3 + b2θ2 + b3θ + b4 (2.16)
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Figure 2.9: Radiation pressure lift and scatter efficiencies that are curve fitted with the polynomials defined
in Eqns. 2.16 and 2.15 from 0 ≤ θ ≤ 80o
QT = c1θ5 + c2θ4 + c3θ3 + c4θ2 + c5θ + c6 (2.17)
Substituting the curve-fits from Eqns. 2.15 - 2.17 into Eqn. 2.12, and knowing that the
cylinder will oscillate about θ = 0o for a given intensity, Eqn. 2.12 can be linearized around
θ = θ0 and θ˙ = θ˙0 using a Taylor series expansion.
Linearizing Eqn. 2.12 results in a linear 2nd order ODE with the form of Eqn. 2.18
θ¨ = C1 + C2(θ˙ − θ˙0) + C3(θ − θ0) (2.18)
Where C1,C2,C3 are constants in terms of the system variables and curve-fit parameters.
C2 = 0 which make sense since there is no damping in this system. The natural frequency
of this linearized system is the square root of −C3 in Eqn. 2.18 and is given in Eqn. 2.19.
ωn =
√−C3 = √Iκ + β (2.19)
39
0 30 60 90
0
0.05
0.1
0.15
0.2
Angle of Attack θ [Deg]
E
ffi
ci
en
cy
V
a
lu
e,
Q
T
 
 
Torque CF
Torque
Figure 2.10: Radiation pressure torque efficiency that is curve fitted with the polynomial defined in Eqn. 2.17
from 0 ≤ θ ≤ 80o
where
κ =
(2L
c
) (a4R1(R1 − R2) − c5R21 − b4R1R2
Icm + m(R1 − R2)2
)
(2.20)
β =
R2mg
Icm + m(R1 − R2)2 (2.21)
The numerical values for κ and β are approximately −1.4952 s/kg and 2.5575×106 rad2/s2
respectively. Thus the natural frequency of oscillation of the linearized system in the ab-
sence of intensity is
ωg =
√
β ≈ 1600 rad/s. (2.22)
The critical intensity for where the system pitchforks in the bifurcation plot can be
found analytically by solving for where C3 = 0 and solving for Icrit. Equation 2.23 shows
the critical intensity in terms of the system parameters and curve-fit values used.
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Icrit = −
(
β
κ
)
(2.23)
Note: The sign of κ is negative while the sign of β is positive, resulting in a positive
critical intensity as expected.
Using the system parameters and the values for the curve-fit coefficients it was deter-
mined that the value for Icrit ≈ 1.7105 × 106 W/m2.
To determine the response of the system, the solution to Eqn. 2.18 is needed and can be
easily determined since the constant-coefficient ODE is linear.
Since the EOM are linearized near θo = 0 the solution will only be valid for initial
conditions of θ near zero. To further validate that the numerical results can successfully
approximate the solution to Eqn. 2.12, the above linearization can be applied to a variety
of equilibrium angles for a given intensity so long as the curve-fits for the data tables cover
the range of the cylinder’s response.
Choosing an intensity value of I = 2 × 106 W/m2, which by using Fig. 2.8 corresponds
to an equilibrium angle of θeq ≈ 31.28315o. This value of θeq can also be found by using the
curve-fit efficiencies in Eqn. 2.12 and solving for θ for the given intensity value. Therefore
the system response can be found if the initial conditions are sufficiently close to θeq =
θo = 31.2...o. To determine the accuracy of the linearization, the numerical and analytical
models can be compared for a given pair of initial conditions. As the initial conditions
deviate from θ0 = 31.2...o and θ˙(0) = 0 rad/s the accuracy of the linearization begins to
decrease. These results are shown in Figs. 2.11 and 2.12 for θ(0) = 31o and θ(0) = 35o.
Figures 2.11 and 2.12 show for an initial condition of θ = 31o near θo = 31.2...o the
analytical solution and numerical approximation are nearly identical, and when the initial
condition for θ = 35o is further from θo = 31.2...o the analytical and numerical results do
not match as well.
It can be seen in Fig. 2.11 that the frequency of the numeric and analytical solutions
match closely but there is a small difference in the amplitude. This difference is due to the
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Figure 2.11: Linearization of mirrored rod around θo = 31.28315o at intensity value I = 2 × 106 W/m2
with the initial condition of θ(0) = 31o for the non-linear and linear solutions. Comparison between the two
solutions match well due to θ(0) being relatively close to θo
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Figure 2.12: Linearization of mirrored rod around θo = 31.28315o at intensity value I = 2 × 106 W/m2 with
the initial condition of θ(0) = 35o for the non-linear and linear solutions. The comparison between the two
solutions does not match well in both the frequency and amplitude of oscillation due to θ(0) being relatively
far from θo
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equilibrium angle where the linear solution is linearized around, θo, being an approximation
that is found using a numerical root find so there is inherently some small numerical round-
off error. Also it should be noted that for the non-linear model, since the curve-fits cover
a majority of the operation range, 0 ≤ θ ≤ 80o, they were used for radiation efficiency
parameters to ensure a more accurate comparison.
2.3.3 Linearization Comparison Using Spectral Analysis
Another way to determine where the analytic solution to the linearized system begins to
break down is to perform a spectral analysis of the non-linear numerical results. Since the
analytical solution contains only one frequency, ωn, as the initial condition deviates from
θo the value of this dominant frequency will shift and the presence of other frequencies
will occur in the non-linear model’s results. By taking the Fast Fourier Transform of the
non-linear results, the frequency content can be found. By normalized the amplitudes for
each initial condition with the amplitude of oscillation to allow for a better comparison, it
can be shown that as initial conditions for θ get further from θo, the dominant frequency
shifts and the presence of sub-harmonics increase, indicating that the analytical solution
will lose accuracy as this characteristic occurs. The results showed that even for the initial
condition close to θo = 31.2...o there is a small sub-harmonic present in the non-linear
solution. This results indicates that even though the dominant frequency for the linear
solution and nonlinear approximation are the same the nonlinear solution is still exhibiting
a small nonlinear behavior by the presence of this sub-harmonic. The development of this
2nd harmonic is around 250 Hz with the 3rd being developed around 350 Hz. As expected,
solutions to the linearized system will differ from solutions to the full non-linear system
over longer time periods. This frequency analysis is shown in Fig. 2.13 for the non-linear
model for initial conditions from θ(0) = 31 − 45o.
The purpose of analyzing the frequency content in detail is in experiment the oscillation
frequency is one of the only parameters of this system that can be measured due to the small
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Figure 2.13: Normalized Log amplitude comparison of non-linear solution for I = 2 × 106 W/m2 for various
initial conditions of θ(0) = 31 − 45o versus frequency of oscillation. As θ(0) deviates away from θo =
31.28315o the dominant amplitude shifts to lower frequency range and the presence of 2nd and 3rd harmonics
increases. The amplitudes are normalized with the maximum amplitude to provide a better comparison for
frequency content. The single harmonic for the linear solution is ωn ≈ 123.2 [Hz]
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scale. The frequency of oscillation can be measured by analyzing the reflecting light from
the flat surface of the semicylinder.
2.4 Numerical and Analytical Comparison
Artusio-Glimpse et al. [3] were able to derive and show an analytical approach to modelling
the dynamic response and characteristics of a mirrored cylinder that was rolling on a surface
without slip. To determine how accurate the analytical derivation is, a comparison between
the numerical approximation of the full non-linear system and the analytical derivation was
done. The key characteristics compared were the bifurcation point and natural frequency
of the cylinder.
2.4.1 Bifurcation Comparison of Numerical and Analytical Response
In [3] it was shown that an analytical expression describing the bifurcation of the cylinder
can be found. This expression, from [3] is shown in Eqn. 2.24.
θeq = ±R
(√−∆ω2
ω2s
)
(2.24)
Where ∆ω2 and ω2s are variables in terms of the system parameters and curve fits used
in [3].
By using this expression and the same system parameters a comparison plot of the
normalized analytical and numerical bifurcations can be found and is shown in Fig. 2.14.
It can be seen from Fig. 2.14 that the analytical derivation can accurately determine
the equilibrium angles for a reasonable range of intensities. The deviation between the
analytical and non-linear numerical results occurs because at a certain angle the small an-
gle approximation and other assumptions made in [3] begin to break down. However the
analytical solution still provides a reasonably accurate description of the how the system
bifurcates and accurately captures the pitchforking intensity Icrit.
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Figure 2.14: Bifurcation comparison between the non-linear approximation and the analytical derivation
described in [3]. The pitch forking point, Icrit, for both analysis methods is very close, however the analytical
solution begins to break down quickly after Icrit due to the assumptions made in the analysis. Note that the
intensity is again normalized by Icrit for generality
2.4.2 Natural Frequency Comparison of Numerical and Analytical Response
A similar comparison of the natural frequency of oscillation for the system derived in [3]
can be done. Solving for θeq in Eqn. 2.24 an analytical expression for the natural frequency
of the cylinder was found in [3] and shown in Eqn. 2.25.
ωn =
√
∆ω2 + 3(ωs)2(θeq)2
2pi
(2.25)
A comparison between the natural frequency of oscillation for the non-linear approxi-
mations and the analytic solution from [3] is shown in Fig. 2.15. Note that in Fig. 2.15 the
natural frequency is normalized with ωg or the linearized natural frequency in the absence
of intensity, and the intensity is normalized with the critical intensity.
Figure 2.15 shows the frequency of oscillation for the analytical and numerical mod-
els for various initial conditions are relatively the same for a given intensity up until Icrit.
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Figure 2.15: Oscillation frequency ωn versus light intensity I comparison between the non-linear approx-
imation and the analytical derivation described in [3]. Again the analytical solution follows the nonlinear
approximations closely up until Icrit, where after the solution begins to break down
After this intensity value the analytical model no longer can accurately predict the oscil-
lation frequency. Figure 2.15 also shows for the different initial conditions of θ result in
distinctly different natural frequency curves. This difference is due to the system being
a nonlinear oscillator where the resulting oscillation frequency, as well as amplitude, are
initial condition dependent.
2.5 Mirrored vs. Non-Mirrored Cylinder
Up to this point the modelling and results presented in Sections 2.2.1-2.3.2 have only been
extended to a mirrored cylinder. The same formulation can also be applied to a non-
mirrored cylinder. The radiation efficiency curves for a non-mirrored rod can be seen in
Figs. 2.3 - 2.5.
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Although not presented in this paper, the same approach with using curve-fitted data ta-
bles and equation linearization to generate an analytic expression for the natural frequency
and critical bifurcation points can be done to non-mirrored cylinder. The main purpose
of analyzing the non-mirrored cylinder was to compare how the equilibrium points of the
cylinder changed as a function of intensity. A bifurcation plot for the non-mirrored cylin-
der can be seen in Fig. 2.16. Figure 2.16 shows the bifurcation of a non-mirrored cylinder
exhibits a cusp-catastrophe type of bifurcation [30]. This type of bifurcation is also com-
monly referred to as hysteresis. The cusp intensity, Icusp, occurs at an intensity value of
Icusp ≈ 3.84 × 106 W/m2, and the pitchforking intensity, Ip, occurs at an intensity value
of Ip ≈ 12.81 × 106 W/m2. For this non-mirrored rod, as one increases the laser intensity
from I/Ip < 1 to above I/Ip > 1 the neutrally stable equilibrium point jumps dramatically
from 0 to approximately 80o. Similarly when the cylinder is oscillating around a stable
angle on the upper branch, if the intensity is decreased from I/Icusp > 1 to I/Icusp < 1,
there is a jump from the upper stable angle(θeq = 60o) to the stable angle of θeq = 0. These
two phenomena are where the “catastrophe” occurs [30]. Similar to the mirrored rod, the
intensity values in Fig. 2.16 are normalized by the pitchforking intensity or for this case Ip.
The wavy branch near Ip is caused by the radiation pressure data tables not being smooth
functions resulting in disturbances when Eqn. 2.12 is solved numerically for the equilib-
rium points. By curve fitting the non-mirrored data table from θ = 0−10o these fluctuations
can be avoided and a classic pitch-forking bifurcation plot can be found. Both of these fea-
tures are shown in Fig. 2.16. The curve fits used can be seen in Eqns. 2.26 - 2.28.
QL = (−0.507)θ (2.26)
QS = (0.3644)θ2 + (0.0209)θ + 0.08288 (2.27)
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Figure 2.16: Bifurcation plot of non-mirrored cylinder showing cusp-catastrophe bifurcation. Where the
cusp starts at an intensity value Icusp ≈ 3.84 × 106 W/m2 and the pitchfork intensity occurs at Ip ≈ 12.81 ×
106 W/m2. Where Icusp/Ip ≈ 0.3
QT = (−0.1242)θ (2.28)
It can be expected that the natural frequency of the non-mirrored cylinder will show
similar behavior to the mirrored cylinder, however the critical intensity value for where non-
mirrored cylinder’s bifurcation pitch-forks is larger. The ratio between Ip/Icrit for the non-
mirrored to the mirrored rod is approximately 7.45, and this for ratio will remain constant
even if the geometric parameters of the cylinder are changed so long as the radiation curves
are the same. Essentially what will occur is if the size the rod is increased the bifurcation
curves will have the same shape but the values of Icrit, Ip, and Icusp will increase causing a
shift in the bifurcation diagrams.
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2.6 Intensity Modulation and Relationship to the Vertically Oscillat-
ing Inverted Pendulum
The response of our mirrored semi-cylindrical rod to laser light which changes in intensity
over time was explored. Laser intensity is the simplest system parameter which could be
theoretically modulated in a physical experiment to control the dynamics of the system.
Thus if the amplitude of the intensity is allowed to have a sinusoidal profile, Eqn. 2.18
can be transformed to the standard from of the Mathieu equation seen in Eqn. 2.29. The
Mathieu equation also governs the linearized dynamics of the vertically oscillating inverted
pendulum [24]. It is known that the unstable vertical equilibrium position of the inverted
pendulum can be stabilized if one vertically oscillates the pivot point with an appropriate
frequency and amplitude. In this section the connection between the inverted pendulum and
our semi-cylindrical rod exposed to laser light is explored. By modulating laser intensity
it is possible to stabilize the position of the rod about θ = 0 for laser intensities above the
critical intensity.
Note: In the absence of any damping, which is the case for our model and the friction-
less inverted pendulum, stable does not mean asymptotically stable but instead corresponds
to neutral stability or bounded solutions.
θ′′ + (δ + 2 cos(2τ))θ = 0 (2.29)
The parameters δ and  can be solved for by first allowing the intensity in Eqn. 2.18 to
be equal to
I = Io(1 + cos(ωt)) (2.30)
Where Io is the amplitude of oscillation from the zero axis and ω is the frequency of
the pulsing laser intensity. Note that the intensity must be strictly positive since negative
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intensity values are non-physical. By using this modulated intensity, Eqn. 2.18 takes the
form
θ¨ + [(κIo + β) + κIo cos(ωt)]θ = 0 (2.31)
However to obtain the form of the standard Mathieu equation, one needs to define a
scaled time, τ ≡ ωt/2, as in Eqn. 2.29.
τ˙ = ω/2 (2.32)
Applying this scaled time results in the following:
θ˙ =
( dθ
dτ
) (dτ
dt
)
= θ′τ˙ (2.33)
θ¨ =
( d2θ
dτ2
)
(τ˙)2 +
( dθ
dτ
)
τ¨ = θ′′(τ˙)2 + θ′τ¨ (2.34)
Where τ¨ = 0, thus using Eqn. 2.32 in Eqn. 2.34
θ¨ = θ′′
(
ω2
4
)
(2.35)
Using Eqn. 2.35, Eqn. 2.31 can be put in the standard form of the Mathieu equation.
The stability parameters δ and  can be solved for in terms of the system parameters and
are given in Eqn. 2.36 and 3.75.
δ =
4κIo + 4β
ω2
(2.36)
 =
2κIo
ω2
(2.37)
Now that the linear EOM has been found and transformed into the form of the Mathieu
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equation, the nonlinear EOM shown in Eqn. 2.12 will be needed for later comparison. By
modulating the intensity in Eqn. 2.12 in the same manner as the linear EOM, Eqn. 2.12 is
transformed to a 2nd order nonlinear non-autonomous ODE. This equation is shown below
in Eqn. 2.38.
θ¨ = Io(1 + cos(ωt))ΦM − ΦG (2.38)
where,
ΦM =
(
γT + γS + γL
Icm + m(R21 + R
2
2 − 2R1R2 cos θ)
)
(2.39)
γT = sign(θ)
(2LR21
c
)
QT (2.40)
γS =
(2LR1R2 sin θ
c
)
QS (2.41)
γL = sign(θ)
(2LR1(R2 cos θ − R1)
c
)
QL (2.42)
Note: The response of the Mathieu equation and the stability of these parameters has
been studied extensively and can be found using a variety of methods [11, 16, 18, 21, 33].
These studies have also examined regions of stability for various values of δ and  . For the
Mathieu equation the stable regions refer purely to a bounded result. The bounded solutions
are aperiodic and vary with two frequencies [21]. These stability regions for δ and  , known
as the Strutt diagram, can be seen in Fig. 2.17 [21, 33]. A brief derivation using Floquet
theory and Hill’s infinite determinant with an application Eigen value problems to derive
these stability curves is shown below.
Using Floquet Theory it is known that Eqn. 2.29 has normal solutions that can be ex-
pressed as a Fourier series as
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θ(t) = eλt
∞∑
n=−∞
Φne2int (2.43)
Where λ is the characteristic exponent, i =
√−1, and Φn are constants. By subbing
2.43 into Eqn. 2.29, it can be rewritten as
∞∑
n=−∞
((λ + 2in)2 + δ)Φne(λ+2in)t +

∞∑
n=−∞
Φn(eλt+2i(n+1)t + eλt+2i(n−1)t ) = 0 (2.44)
By equating the Φn terms in Eqn. 2.44 to zero, leads to a infinite set of linear algebraic
equations of the form
∞∑
n=−∞
((λ + 2in)2 + δ)Φn +  (Φn-1 + Φn+1) = 0 (2.45)
Since for a nontrivial solution the determinant of the Φn coefficient matrix must equal
zero. Where the center row corresponds to n = 0, and expansion upwards and downwards
off the center row is n = ±1 and so forth. This infinite matrix is often referred to as Hill’s
infinite determinant [11, 21, 24], and can be written as

δ + (λ + 2ni)2  . . . . 0
 ... . . . . .
. . δ + (λ − 2i)2  0 . .
. .  δ + λ2  . .
. . 0  δ + (λ + 2i)2 . .
. . . . . ... 
0 . . . .  δ + (λ + 2ni)2

(2.46)
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Equation. 2.46 will be denoted as ∆(λ). For the assumed solution of Eqn. 2.43, stable
results will occur if the characteristic exponent, λ, is: purely imaginary, complex conjugate
with the real part being ≤ 0, or real and λ ≤ 0. Thus the curves that separate stable from
unstable solutions results in λ = 0 and λ = ±i. By letting λ = 0 or λ = ±i, choosing a
value for  , and pulling out δ in Eqn. 2.46, solving for the stability curve at the given 
value can easily be done numerically with the analogy to an eigen value problem, or more
simply
[−∆(λ,  )] − δ[I]
 = 0 (2.47)
Where [I] is an identity matrix. Repeating this process for λ = 0 or λ = ±i and a
range of  values reveals the δ −  curves as seen in Fig. 2.17. Note that the negative sign
multiplied to ∆ in Eqn. 2.47 is due to getting the equation into the standard form of an eigen
value problem.
By changing the values of Io and ω, one can expect that stable parameters for δ and 
can be found. For the mirrored cylinder model, when Io/Icrit > 1 the θ = 0 position is no
longer a stable equilibrium point. Thus one can assume that stable oscillations around θ = 0
could be achieved when Io/Icrit > 1 by tuning δ and  using values of Io and ω. Knowing
that the sign of κ is negative and the sign of β is positive, the sign of δ will change from
positive to negative when the intensity moves from Io/Icrit < 1 to Io/Icrit > 1, and the sign
of  will always be negative. Since the desired intensity range to achieve stable oscillations
around θ = 0 is when Io/Icrit > 1, one can see by using Fig. 2.17 that this condition gives a
very small area of stability when compared to if δ were positive.
Now that the system’s desired stability has been analyzed in terms of δ and  it is more
desirable to define the stable regions in terms of Io and ω. Io and ω defined in terms of δ
and  can be seen in Eqns. 2.48 and 2.49.
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Figure 2.17: Stability regions for δ and  parameters in the Mathieu equation, Eqn. 2.29. Note that the small
black shaded region where δ ≤ 0 is the region that will be used to obtain bounded oscillations when I > Icrit
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Figure 2.18: Stability regions and curves for the Mathieu equation in terms of normalized system variables,
Io/Icrit and ω/ωg. It can be seen that there exists a small region where stable bounded oscillations should
occur when I/Icrit > 1. Also the data points used in parameter sets 1 and 2 can be seen, with the 2nd
parameter set being much further up the cusp than the first
Io =
2 β
κ(δ − 2 ) (2.48)
ω2 =
4β
δ − 2 (2.49)
Using the stability curves that separate the stable and unstable regions shown in Fig. 2.17
in conjunction with Eqns. 2.48 and 2.49, stable and unstable regions defined in terms of Io
and ω can be found. Figure 2.18 has the intensity and frequency axis being normalized by
Icrit and ωg respectively.
Figure 2.18 shows that as expected there exists a very small parameter space of Io and
ω that allows stable solutions when I/Icrit > 1. Interestingly fig. 2.18 also shows that this
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Table 2.2: Normalized Io and ω parameters with corresponding δ and  values
Set Io/Icrit ω/ωg δ 
1 1.2978 1.4658 -0.5544 -1.2080
2 1.7538 1.1644 -2.2241 -2.5873
small region of stability corresponds to a modulating frequency, ω, to around 1.5 × β or
1.5 × β2, and that as ω → ∞ the stability curve above ω/ωg ≈ 6.253 asymptotically
approaches the critical intensity. This asymptotic approach to the critical intensity corre-
sponds to δ and  → 0 as ω → ∞ because both terms, δ and  , are divided by ω2. Lastly
fig. 2.18 shows that there exists unstable regions when Io/Icrit < 1 even though for the
non-modulated intensity θ = 0 is stable when Io/Icrit < 1.
Using the derivation of stable and unstable regions for values of Io and ω shown in
Fig. 2.18, the linearized model will always contain bounded solutions around θ = 0 so
long as the values of δ and  fall within those stable regions. However, the solutions for
the linearized system and the fully non-linear model may be distinctly different due to the
assumptions made in the linear model. One could expect from these differences in the
linear and nonlinear systems that only a portion of these stable parameters in the linear
model will lead to bounded solutions around θ = 0 when Io/Icrit > 1 in the nonlinear
model. To illustrate these differences, two sets of laser intensity parameters (Io, ω), both of
which correspond to stable regions on Fig. 2.18, are chosen. The parameters can be seen
in Tab. 2.2 and their location in the stability regions is shown in Fig. 2.18. Although both
parameter sets result in bounded solutions for the linearized system, the second parameter
set is much closer to the transition boundaries for the stable and unstable regions.
Solutions to Eqn. 2.38 and the corresponding linearized equation in the form of the
Mathieu equation were found using MATLAB’s ode45 as described at the end of Sec. 2.2.2.
The result for the first parameter set shows stable bounded oscillations around θ = 0 for
both the linearized and nonlinear system and can be seen in Fig. 2.19. Although the linear
and nonlinear approximations display different frequencies and oscillatory behavior, the
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Figure 2.19: Time history results for linear and nonlinear modulated intensity models for Parameter Set 1,
Io/Icrit = 1.2978 and ω/ωg = 1.4658. The oscillations show stable bounded oscillations around θ = 0
for Io/Icrit > 1 despite θ = 0 being an unstable equilibrium point when system was analyzed without a
modulating intensity in Sec. 2.3.1
results show that the maximum amplitude of the response is nearly the same. Although
not shown, changing the initial condition for θ did not effect the stability of this parameter
set and the result remains bounded around θ = 0. Lastly, pulsing the intensity allowed
the cylinder to stably oscillate around θ = 0 even though as shown in Fig. 2.8 that for a
non-modulated intensity θ = 0 is an unstable equilibrium point.
Upon analyzing the results for the 2nd parameter set, it was found that subtle changes in
the initial conditions for θ resulted in distinctly different behavior for the nonlinear system.
The results for the 2nd parameter set for θ(0) = 0.5o and θ(0) = 1o can be seen in Figs. 2.20
and 2.21 respectively.
This difference in behavior is likely to be due to the 2nd parameter set being much
further up the cusp of the stability region and closer to the stability boundary curves shown
in Fig. 2.18. For example, when θ(0) = 1o the numerical results showed quasi-stable
oscillations but they were not always bounded around θ = 0 as the cylinder would jump to
oscillating around a higher angle then jump down to around angle. However, when θ(0) =
0.5o the results were stable bounded oscillations around θ = 0. This very small change in
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Figure 2.20: Time history results for linear and nonlinear modulated intensity models for Parameter Set 2,
Io/Icrit = 1.7538, ω/ωg = 1.1644, and θ(0) = 0.5o. It can be seen that stable bounded oscillations occur
around θ = 0 while Io/Icrit > 1.
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Figure 2.21: Time history results for linear and nonlinear modulated intensity models for Parameter Set 2,
Io/Icrit = 1.7538, ω/ωg = 1.1644, and θ(0) = 1o. For this initial conditions the cylinder exhibits quasi-stable
oscillations however they exhibit some complex nonlinear behavior. The cylinder break the physical rolling
constraint of θmax = 90o and appears to be exhibiting a limit cycle like behavior
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initial condition resulted in very different behaviors with the first case even violating the
physical rolling constraint of θmax = 90o. For the θ(0) = 0.5o case the long term behavior
may have some interesting attributes, however this long term behavior was not investigated
due mainly to fact that it violated the physical rolling constraint. From these results it could
be inferred from the result of parameter set 2, that chaos could be found for this system for
other parameter sets of Io and ω in the nonlinear system.
2.7 Conclusion
The dynamic response of a mirrored and non-mirrored semi-cylindrical rod was found
using a non-linear numerical and analytical solutions. The cylinders were modelled as
rolling on a surface without slip while being exposed to radiation pressure forces. Equi-
librium points were found to exhibit pitchforking bifurcation at a critical intensity value
Icrit of 1.72 × 106 W/m2 and 12.81 × 106 W/m2 for the mirrored and non-mirrored rod
respectively. The mirrored cylinder displayed a classic pitchfork bifurcation, while the
non-mirrored cylinder displayed a cusp-catastrophe bifurcation. A linearized analytical so-
lution was derived for some given intensity, I. By linearizing the equations of motion it
was determined that not only could the nonlinear system’s response could be captured and
modelled using the linearized model, but the system could be transformed to the general
form of Mathieu’s equation via sinusoidally modulating the intensity. Given the appropriate
amplitude and frequency parameters, the cylinder could show stable bounded oscillations
around θ = 0 for intensity values above the critical intensity. Which draws many parallels
to the stability and analysis of a vertically oscillating inverted pendulum.
The dynamic response of this system to laser light lends itself to experimental testing to
validate these results. If one can successfully eliminate possible un-modeled contact forces
between the lens and the support, then the frequency of oscillation of the device could
theoretically be measured as one varies the intensity. Any damping that exists in actual
experiments would transform our equilibrium points from neutrally stable to asymptotically
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stable. If the modeling presented herein is an accurate description of the physical model,
the large shift that occurs in these stable equilibrium points due to changes in intensity
could be experimentally observed.
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Chapter 3
Gyroscopic Motion and Control of 3D Hemi-
spheric Lens Influenced By Radiation Pressure
The model and results discussed in this chapter have been submitted to Elsevier’s Commu-
nications in Nonlinear Science and Numerical Simulation journal and are currently pending
review.
In this chapter the three dimensional response of an axisymmetric refractive hemi-
spheric lens that is exposed to radiation pressure forces and torque is investigated. Due to
the radiation pressure there was a resulting torque on the hemisphere which caused the ro-
tational motion of the lens to be very similar to the motion of a fixed axisymmetric top that
is acted on by gravity. By using analytical techniques and numerical simulations, classical
gyroscopic motions that is seen in axisymmetric spinning tops was able to be reproduced
in this system. Those motions include; pure precession, looping nutation, nutation with
cusps, and sinusoidal nutation. The hemisphere’s angular position could then be aligned
with the light direction by using a closed loop PID controller which modulated the light
intensity. By using the intensity time history from the closed loop PID controller, an open
loop controller was developed. To test the effectiveness of the open loop algorithm a 4D
parameter space of nutation angle, nutation rate, spin rate, and precession rate was formed
and numerically simulated for varying parameter sets. The evaluation open loop control al-
gorithm found that approximately 25% of the simulated parameter sets were able to control
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the angular position of the hemisphere to within 5o of the light vector during steady state
operation.
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3.1 Introduction
Over the past decade there has been a considerable amount of research in solar sail propul-
sion and technology [12–14, 27]. The ability for solar sails to use radiation pressure as
a main thrusting force, as well as fuel less propulsion, provides a viable means of space
transportation and deep space exploration. The majority of sail research has been related
to the dynamics and control of large solar sail objects. These models are on a macroscopic
scale and use various techniques that primarily involve attitude control systems. The main
methods these control system use include utilizing radiation pressure, inertial devices, and
sliding masses to provide stabilization [7, 20, 22, 26, 27, 34]. By analyzing how radia-
tion pressure effects much smaller microscopic objects, the goal is to be able to utilize the
dynamic response of these microscopic objects for use in solar sails.
It has been shown that these small dielectric lenses, when exposed to radiation pres-
sure, exhibit interesting dynamic characteristics due to radiation pressure forces and torque
that may be beneficial to the control and navigation of solar sails [2–6, 31]. By varying
the geometric and optical properties of these lenses the corresponding radiation pressure
forces and torque can be altered to provide the desired radiation pressure force and torque
response [28, 29].
This chapter investigates the 3D dynamics and open loop control response of a micro-
scopic refractive hemisphere lens that is exposed to radiation pressure. First the equations
of motion of the system are derived and used to determine how the rotational motion of
the hemisphere is effected by radiation pressure torque. Then the angular position of the
hemisphere can be controlled by altering the intensity as a function of time. This angular
control is done by initially using a closed loop PID controller to align the hemisphere with
the light direction. By using the intensity time history from the closed loop PID controller
an open loop control algorithm is developed. The open loop controller is then evaluated to
determine how well it can reorient the angular position by numerically simulating various
initial conditions for angular velocities and angular position.
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Figure 3.1: System schematic of hemisphere showing angle of attack φ, radius r1, incoming light direction
unit vector ˆ1, normal unit vector nˆ, and radiation pressure plane for determining the forces and torques from
radiation.
3.2 Radiation Pressure and Physical Model
The model that is used for this analysis is a 3D axisymmetric hemisphere with a flat top
refractive cross section which is exposed to radiation pressure in the absence of gravity.
The schematic for this model is shown in Fig. 3.1.
Note that the angle of φ is the angle between the light direction vector, ˆ3, and the
normal unit vector, nˆ, is the angle of attack for the hemisphere, and r1 is the radius of the
hemisphere. Due to symmetry, the radiation pressure forces and torque, can be defined in
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Figure 3.2: Radiation pressure 2D schematic showing radiation pressure lift and scatter forces, along with
the corresponding torque and the angle of attack φ
a 2D plane by the ˆ3 and nˆ unit vectors. This schematic is shown in Fig. 3.1.
3.2.1 Radiation Pressure
Since the hemisphere in this paper is axisymmetric, the radiation pressure model that deter-
mines the forces and torque on the hemisphere follows a similar formulation and derivation
for the forces on a 2D semicylinder described in [3, 31]. This 2D assumption for the radi-
ation pressure forces and torque is valid due to the symmetry of the hemisphere. Thus any
resulting forces or torque components that do not lie in that 2D plane can be transformed
and defined in that 2D plane due to hemispheres symmetry. This 2D radiation pressure
schematic is shown in Fig. 3.2.
Even though the hemisphere is a three dimensional object and can move in three dimen-
sions, only a two dimensional plane is needed to apply the radiation pressure forces and
torque to the center of mass (COM) of the hemisphere due to symmetry. This incoming
laser causes the hemisphere to experience forces and torque caused by radiation pressure.
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As seen in Fig. 3.2, the radiation pressure force can be broken into two components, lift and
scatter force, which are denoted as Fz and Fy. The lift and scatter components correspond
to the −kˆ3 and ˆ3 directions respectively. By using the formulation described in [3, 31],
the forces and torque can be defined in terms of the efficiency of the momentum transfer
process between the light and the lens. These efficiency values are found by using a modi-
fied Persistence of Vision (POV-ray) ray tracing program that generates the lift, scatter, and
torque efficiencies for a given angle of attack φ [23].
By using this modified ray tracing program, data tables of radiation pressure force and
torque efficiency values can be formed for various angles of attack φ. Although there is
a force and torque corresponding to each direction in the ıˆ3 ˆ3 kˆ3 frame, the torques in the
kˆ3 and ˆ3 directions, and the force in the ıˆ3 direction are neglected due to the magnitude
several orders of magnitude less that the main forces and torque shown in Fig. 3.2. Thus
only the force efficiencies in ˆ3 and kˆ3 directions, and the torque in the ıˆ3 direction will be
used. Figures. 3.3 and 3.4 show the radiation pressure efficiency values for the forces and
torque. The data tables for these radiation pressure forces and torque are given in App. A.5.
Note that only values for 0 ≤ φ ≤ 180o are shown because Qx and Qz are odd functions
about φ = 0 and Qy being an even function about φ = 0.
For some ray tracing simulations it was found that the radiation efficiencies are not per-
fectly smooth functions and have some small fluctuations. These small fluctuations arise
from the approximations made in the ray tracing model, which include; the density of rays
used, the maximum number of boundary reflections and refraction, and the simplification
of ray tracing model where wave optics effects ignored. A comparison between the model
used here and a wave optics model is discussed in [28]. As more rays are added to the
ray tracing model and the number of ray boundary interactions is increased, the efficiency
curves are expected to converge. For this analysis the given efficiency curves in Figs. 3.3
and 3.4 can be taken as an accurate enough approximation and contain some minute fluc-
tuations
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Figure 3.3: Radiation pressure efficiency values, Qz and Qy, for the lift and scatter forces defined for various
angles of attack. Note that only angles of attack values from 0 ≤ φ ≤ 180o are shown due to the lift and
scatter efficiencies being odd and even functions respectively
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Figure 3.4: Radiation pressure torque efficiency value, Qx, for the radiation pressure torque defined for
various angles of attack. Similar to the lift force, only angles of attack values from 0 ≤ φ ≤ 180o are shown
due to torque efficiency being an odd function
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By using these efficiency values from the ray tracing program, the forces and torque
acting at the center of mass (COM) of the hemisphere can be determined using Eqns. 3.1 -
3.3.
Fz = sign(φ)
Ipi(r1)2
c
Qz (3.1)
Fy =
Ipi(r1)2
c
Qy (3.2)
Tx = sign(φ)
Ipi(r1)3
c
Qx (3.3)
Where I, and c is the intensity of light in [W/m2], and the speed of light in m/s respec-
tively.
Note: The sign of the angle of attack φ is used due the radiation pressure tables only
being defined for 0 ≤ φ ≤ 180o.
For a constant intensity these radiation pressure forces and torque can be character-
ized as conservative forces and torque, thus potential functions for these radiation pressure
components can be derived. A mathematical proof and derivation for the potential of the
radiation torque is the subsequent section.
3.2.2 Potential Function for Radiation Pressure Torque
To prove that the radiation pressure torque is conservative or path independent torque, first
a vector field for this torque is needed. This can be done simply by starting with the
schematic in Fig. 3.2, replacing ıˆ3 ˆ3 kˆ3 with uˆvˆwˆ, and defining a torque vector field as
~τ = τuuˆ + τvvˆ + τwwˆ = Txuˆ + 0vˆ + 0wˆ (3.4)
Where τu,v,w are the scalar torque components of ~τ along the uˆ, vˆ, wˆ directions, Tx is
a nonlinear function of φ , and our φ variable is a rotation around uˆ. Thus a rotation of φ
points along the uˆ unit vector. This coordinate system allows for our vector torque field, ~τ,
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to be reduced to a 1D vector field due to Tx only depending on φ. By providing an analytical
expression for the torque efficiency, Qx, for values of φ from 0o ≤ φ ≤ 40o, an analytical
expression for the torque field can then be defined as
~τ =
( Ipi(r1)3
c
(p1φ5 + p2φ4 + p3φ3 + p4φ2 + p5φ)
)
uˆ (3.5)
Where the curve fit constants p1, p2, p3, p4, and p5 are defined in App A.2. For negative
angles of φ, taking the absolute value of φ and multiplying Eqn. 3.5 with the sign of φ will
suffice due to the torque being and odd angle around φ = 0.
Prior to defining the conditions for a conservative torque field, the domain for which ~τ
operates should be defined. Since Eqn. 3.5 is purely a function of φ, and φ is a function
of time (t), our domain D for which ~τ will be evaluated in is a 2D domain in terms of the
angular position φ and time t. Now for Eqn. 3.5 to be a conservative field the following
conditions must be true [15]
1. ~τ = −∇U : Torque vector field is the negative gradient of the potential
2. W =
∮
C
~τ · ~dΘ = 0 (in D) : The work done by the torque vector field along a closed
angular path is zero
3. W =
∫
C1
~τ · ~dΘ = ∫
C2
~τ · ~dΘ : The work done along two different paths are equal, so long
as the starting and end points of paths C1 and C2 are the same.
4. ∇ × ~τ = 0 : The curl of the torque vector field is zero.
Where ∇ is the vector differential operator and is defined in Eqn. 3.6, U is the potential
function for the torque vector field ~τ, and W (or -U) is the work done by the vector field
~τ along a differential path vector ~dΘ = dφuˆ + dϑvˆ + dϕwˆ. Where dφ, dϑ, and dϕ are
differential rotations around uˆ, vˆ, and wˆ respectively.
~∇ = ∂
∂φ
uˆ +
∂
∂ϑ
vˆ +
∂
∂ϕ
wˆ (3.6)
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To verify condition (1), Eqn. 3.5 can also be defined as
~τ = −∂U
∂φ
uˆ − ∂U
∂ϑ
vˆ − ∂U
∂ϕ
wˆ = τuuˆ + τvvˆ + τwwˆ (3.7)
Thus knowing
− ∂U
∂φ
= τu (3.8)
− ∂U
∂ϑ
= τv (3.9)
− ∂U
∂ϕ
= τw (3.10)
Integrating Eqns. 3.8 - 3.10 with respect to their respective variables
−Uφ = Ipi(r1)
3
c
( p1
6
φ6 +
p2
5
φ5 +
p3
4
φ4 +
p4
3
φ3 +
p5
2
φ2 + c1(ϑ,ϕ)
)
(3.11)
−Uϑ = c2(φ,ϕ) (3.12)
−Uϕ = c3(φ,ϑ) (3.13)
Where −Uφ is the potential that is integrated from τu and so forth, and c1,2,3 are the
constants of integration. To define the potential U, Uφ = Uϑ = Uϕ. This condition can be
achieved by equating the constants c1,c2, and c3 from Eqns. 3.11 - 3.13. Thus condition (1)
is satisfied and the potential U can now be defined as
U = −
∫
Txdφ = − Ipi(r1)
3
c
(
p1
6
φ6 +
p2
5
φ5 +
p3
4
φ4 +
p4
3
φ3 +
p5
2
φ2) (3.14)
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Condition (4) can be satisfied using
∇ × ~τ =

uˆ vˆ wˆ
∂
∂φ
∂
∂ϑ
∂
∂ϕ
τu τv τw

= 0 (3.15)
Condition (4) is automatically satisfied due to this torque vector field being a one di-
mensional vector field which points only along uˆ and depends only on x.
Satisfying conditions (2) and (3) can be done simultaneously by satisfying (3) first.
Recall condition (3) as
W =
∫
C1
~τ · ~dΘ =
∫
C2
~τ · ~dΘ (3.16)
This condition is the key condition of path independence; where given the paths, C1 and
C2 in domain D, if the starting point (A) and ending point (B) in paths C1 and C2 are the
same, the work done by the torque field ~τ along each path will be the same.
For example, starting with any arbitrary path C, the work done along that path can be
evaluated as
W =
∫
C
~τ · ~dΘ =
∫
C
τudφ (3.17)
Using the chain rule in Eqn. 3.17, the work along C can be rewritten as
W =
∫ b
a
(
τu
dφ
dt
)
dt (3.18)
Where a ≤ t ≤ b. Now given two paths C1 and C2 as
C1 = φ1(t) = t2 (3.19)
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C2 = φ2(t) = 2t (3.20)
The work in Eqn. 3.18 can be evaluated along each path C1 and C2 for 0 ≤ t ≤ 2 as
W1 =
∫ 2
0
(
τu
dφ1
dt
)
dt
=
∫ 2
0
( Ipi(r1)3
c
(
p1(t2)5 + p2(t2)4 + p3(t2)3 + p4(t2)2 + p5t2
))
2t dt
=
Ipi(r1)3
c
(1
6
p1t12 +
1
5
p2t10 +
1
4
p3t8 +
1
3
p4t6 +
1
2
p5t4
) 20
= −U (φ(t))
2
0
=
Ipi(r1)3
c
(2048
3
p1 +
1024
5
p2 + 64p3 +
64
3
p4 + 8p5
)
(3.21)
W2 =
∫ 2
0
(
τu
dφ2
dt
)
dt
=
∫ 2
0
( Ipi(r1)3
c
(
p1(2t)5 + p2(2t)4 + p3(2t)3 + p4(2t)2 + p52t
))
2 dt
=
Ipi(r1)3
c
(32
3
p1t6 +
32
5
p2t5 + 4p3t4 +
8
3
p4t3 + 2p5t2
) 20
= −U (φ(t))
2
0
=
Ipi(r1)3
c
(2048
3
p1 +
1024
5
p2 + 64p3 +
64
3
p4 + 8p5
)
(3.22)
Solving Eqns. 3.21 and 3.22 yields the same result,
W1 = W2 =
Ipi(r1)3
c
(2048
3
p1 +
1024
5
p2 + 64p3 +
64
3
p4 + 8p5
)
(3.23)
Thus the work done by the torque field ~τ along paths C1 and C2 is the same (i.e. path
independence). This solution also yields the key characteristic that the work done from a
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to b can be simply written as
W = −(U (b) −U (a)) (3.24)
Now condition (3) can be satisfied from Eqn. 3.24, via if the path is closed (i.e. b = a),
consequently
W =
∮
C
~τ · ~dΘ = −(U (b) −U (a)) = U (b) −U (b) = 0. (3.25)
For the sake of demonstration the example below illustrates how if our torque vector
field, ~τ, now had a velocity dependent term, x˙, would no longer be a conservative (path
independent) torque field. This new velocity dependent torque vector field can be defined
as
~τ =
( Ipi(r1)3
c
(p1φ5 + p2φ4 + p3φ3 + p4φ2 + p5φ)
) (dφ
dt
)
uˆ (3.26)
By using the same paths C1 and C2 in Eqns. 3.27 and 3.28, φ˙ for each path can be
defined as
φ˙1(t) = 2t (3.27)
φ˙2(t) = 2 (3.28)
The torque vector field ~τ from Eqn. 3.26 can now be used for a similar derivation of the
work along each path.
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W1 =
∫ 2
0
(
τu
dφ1
dt
)
dt
=
∫ 2
0
( Ipi(r1)3
c
(
p1(t2)5 + p2(t2)4 + p3(t2)3 + p4(t2)2 + p5t2
)
φ˙1
)
(2t) dt
=
Ipi(r1)3
c
( 4
13
p1t13 +
4
11
p2t11 +
4
9
p3t9 +
4
7
p4t7 +
4
5
p5t5
) 20
=
Ipi(r1)3
c
(32768
13
p1 +
8192
11
p2 +
2048
9
p3 +
512
7
p4 +
128
5
p5
)
(3.29)
W2 =
∫ 2
0
(
τu
dφ2
dt
)
dt
=
∫ 2
0
( Ipi(r1)3
c
(
p1(2t)5 + p2(2t)4 + p3(2t)3 + p4(2t)2 + p52t
)
φ˙2
)
(2) dt
=
Ipi(r1)3
c
(64
3
p1t6 +
64
5
p2t5 + 8p3t4 +
16
3
p4t3 + 4p5t2
) 20
=
Ipi(r1)3
c
(4096
3
p1 +
2048
5
p2 + 128p3 +
128
3
p4 + 16p5
)
(3.30)
The results from Eqns. 3.29 and 3.30 show that the resulting work along different paths
is no longer equal due to the velocity dependent term, and this torque field would not be
conservative (path independent). This simple example may seem somewhat intuitive that
if there is velocity dependance the force/torque field in not conservative however for more
complex force/torque fields this intuitive simplicity may not be the case.
3.2.3 Hemisphere Equations of Motion
To formulate the EOM of the hemisphere, coordinate transformations from the fixed in-
ertial frame to the body frame are needed. Knowing that this hemisphere is similar to an
axisymmetric top under the influence of gravity, it would be convenient to define 3 con-
secutive coordinate transformations that describe the motion of the hemisphere in terms of
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precession, nutation, and spin. By using a YXY Euler angle transformation each coordi-
nate transformation will correspond to precession, nutation, and spin similar to a classical
top [1, 8, 10].
Note: That this is convenient for the radiation pressure model due to the nutation angle
φ being the same angle as the angle of attack. A visualization of this YXY transformation
can be seen in Fig. 3.5.
The first rotation angle, θ, is around the ˆ1 unit vector and corresponds to precession of
the hemisphere. The second rotation angle, φ, is around ıˆ2 and corresponds to the nutation
of the hemisphere. The last rotation angle, ψ, is around ˆ3 and corresponds the spin of the
hemisphere. The coordinate transformation matrices T1,2,3 used to transform vectors from
the respective frames are shown in Eqns. 3.31- 3.33. Where ~r1 is a vector written in the
ıˆ1 ˆ1 kˆ1 reference frame, and the transformation matrix T1 is used to transform ~r1 to the ~r2
frame and so forth.
~r2 =

cos θ 0 − sin θ
0 1 0
sin θ 0 cos θ
︸                   ︷︷                   ︸
T1
~r1 (3.31)
~r3 =

1 0 0
0 cos φ sin φ
0 − sin φ cos φ
︸                   ︷︷                   ︸
T2
~r2 (3.32)
~r4 =

cosψ 0 − sinψ
0 1 0
sinψ 0 cosψ
︸                    ︷︷                    ︸
T3
~r3 (3.33)
Now that the coordinate transformations from the inertial frame to the body frame have
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Figure 3.5: Schematic of 3 coordinate transformations through angles θ, φ, and ψ used to get from the inertial
ıˆ1 ˆ1 kˆ1 frame to the body ıˆ4 ˆ4 kˆ4 frame. The three angles θ, φ, and ψ correspond to the hemisphere precession,
nutation, and spin respectively
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been defined, the EOM of the hemisphere can be formed using a Lagrangian approach.
This formulation of the EOM is started by first defining the kinetic energy, T , of the system
T =
1
2
m |~vcm |2 + 12 ~ω · (~Icm ~ω) (3.34)
Where m is the mass of the hemisphere, ~vcm is the velocity of the COM of the hemi-
sphere, ~ω is the hemispheres angular velocity, and ~Icm is the mass moment of inertia matrix
about the COM which can be written in the ıˆ4 ˆ4 kˆ4 body frame as
~Icm =

Ia 0 0
0 Iyy 0
0 0 Ia


ıˆ4
ˆ4
kˆ4

(3.35)
Where the “a”, and “yy” components correspond to the ıˆ4 − kˆ4, and ˆ4 directions re-
spectively.
The translational and angular velocity vectors, ~vcm and ~ω, can be defined as
~vcm = x˙ıˆ1 + y˙ ˆ1 + z˙ kˆ1 (3.36)
~ω = ωx ıˆ4 + ωy ˆ4 + ωz kˆ4 (3.37)
Where x˙, y˙, and z˙ are the translational velocity components written in the ıˆ1 ˆ1 kˆ1 di-
rections, and ωx , ωy, and ωz are the angular velocity components written in the ıˆ4 ˆ4 kˆ4
directions.
Note: That x˙ = dx/dt and will be used for subsequent notation for convenience.
To derive the angular velocity in the body frame, an initial expression for this angular
velocity in the various coordinate frames was found and is shown in Eqn. 3.38.
~ω = θ˙ ˆ1 + φ˙ıˆ2 + ψ˙ ˆ3 (3.38)
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The angular velocity vector shown in Eqn. 3.38 can be transformed to the ıˆ4 ˆ4 kˆ4 body
frame by performing
~ω =
[
T3
] [
T2
] [
T1
] 
0
θ˙
0

+
[
T3
] [
T2
] 
φ˙
0
0

+

0
ψ˙
0

(3.39)
Thus the scalar components ωx , ωy, and ωz of the angular velocity vector, ~ω, in terms
of the three Euler angles (θ, φ, and ψ) and angular velocities (θ˙, φ˙, and ψ˙) can then be
defined as
ωx = θ˙ sin φ sinψ + φ˙ cosψ (3.40)
ωy = θ˙ cos φ + ψ˙ (3.41)
ωz = −θ˙ cosψ sin φ + φ˙ sinψ (3.42)
Note: ~ωy in Eqn. 3.41 is the total spin of the hemisphere and is constant.
A final expression for the kinetic energy can now be defined as
T =
1
2
m( x˙2 + y˙2 + z˙2) +
1
2
[Ia(θ˙2 sin2 φ + φ˙2) + Iyy(θ˙ cos φ + ψ˙)2] (3.43)
Due to the translational and rotational energy terms being decoupled, the rotational
kinetic energy in Eqn. 3.43 and the potential energy, U, for radiation pressure torque in
Eqn. 3.14 can be used to get total rotational system energy as
E = T + U =
1
2
[Ia(θ˙2 sin2 φ + φ˙2) + Iyy(θ˙ cos φ + ψ˙)2]︸                                                ︷︷                                                ︸
Tr
−
∫
Txdφ︸      ︷︷      ︸
U
(3.44)
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Where Tr is the rotational kinetic energy, and U is the potential energy from radiation
pressure torque described in Sect. 3.2.2.
Note: In Eqn. 3.44 the potential energy, U, due to radiation pressure is left in integral
form to allow for angles of attack to range from 0o ≤ φ ≤ 180o. In Sect. 3.2.2 the ana-
lytical expression that is used for the torque efficiency is used primarily for the analytical
derivations in this research and is only defined for 0 ≤ φ ≤ 40o. Leaving the radiation
torque in the general form of Tx as in Eqn. 3.44 does not violate any of the conditions for a
conservative torque in Sect. 3.2.2 and this torque can still be defined as a potential.
Now using Eqn. 3.44, the rotational EOM for this hemisphere can be found using the
general form of Lagrange’s equations.
d
dt
(
∂L
∂q˙i
)
− ∂L
∂qi
=
(
∂W
∂qi
)
(3.45)
Where L is the Lagrangian and can be defined as
L = T −U = 1
2
[Ia(θ˙2 sin2 φ + φ˙2) + Iyy(θ˙ cos φ + ψ˙)2] +
∫
Txdφ (3.46)
In Eqn. 3.45 W is the external work from nonconservative forces, and qi is the ith degree
of freedom. Since as described in Sect. 3.2.2 the external forces and torque due to radiation
pressure can be described as potentials, the external work term W in Eqn. 3.45 is zero. For
this system, Lagrange’s method is used to derive the rotational EOM of the system due to
the translational kinetic energy terms not depending on the angular velocities. In this model
the rotational degrees of freedom are
q =

θ
φ
ψ

(3.47)
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Thus the rotational EOM of this system are a set of coupled 2nd order nonlinear differ-
ential equations defined in Eqns. 3.48 - 3.50.
θ¨ =
φ˙[Iyy(θ˙ cos φ + ψ˙) − 2Iaθ˙ cos φ]
Ia sin φ
(3.48)
φ¨ =
θ˙ sin φ[Iaθ˙ cos φ − Iyy(θ˙ cos φ + ψ˙)] + Tx
Ia
(3.49)
ψ¨ =
Iaθ˙ φ˙(1 + cos2 φ) − Iyyφ˙ cos φ(θ˙ cos φ + ψ˙)
Ia sin φ
(3.50)
Note: The radiation pressure torque term appears in Eqn. 3.49 as Tx. Hence the analyt-
ical expression for the torque efficiency in terms of a potential is needed only for mathe-
matical convenience and is not a requirement to derive the EOM of the system.
To formulate the translational EOM it is simpler to derive them using a Newtonian
formulation due to the inconvenience of the work term that is associated with the lift and
scatter forces. This formulation can be started by summing all the external forces at the
COM as
∑
~F = m~acm = −Fz kˆ3 + Fy ˆ3 (3.51)
Where ~acm is the acceleration of the hemisphere’s COM and is given as
~acm = x¨ıˆ1 + y¨ ˆ1 + z¨ kˆ1 (3.52)
The resulting EOM are
x¨ =
−Fx cos φ sin θ + Fy sin φ sin θ
m
(3.53)
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y¨ =
Fx sin φ + Fy cos φ
m
(3.54)
z¨ =
−Fx cos φ cos θ + Fy sin φ cos θ
m
(3.55)
For the subsequent analysis presented in this paper the focus will be on the rotational
motion. Because the translation EOM do not contain the radiation pressure torque term,
the resulting motion for these DOF will be purely some translational motion. Also since
the main interest in these lenses is for the application of control to solar sails the rotational
motion due to the resulting radiation pressure induced torque is of particular interest.
Although there are distinct physical differences, the rotational EOM shown in Eqns. 3.48
- 3.50 are very similar to the rotational EOM of a spinning axisymmetric top the is influ-
enced by gravity. The key difference in the EOM is in Eqn. 3.49 the radiation torque term
Tx would be replaced with a gravity term as in the top’s EOM.
3.3 Analogous Motion of Hemisphere to Axis-Symmetric Spinning Top
As previously mentioned the rotational motion of this hemisphere draws some similarities
to that of a spinning axisymmetric top with one fixed point thus it is expected that the rota-
tional motion of a hemisphere may be very similar to that of the top. To further understand
the dynamics of this system and to validate this claim, the classical motions of a top; pure
precession, nutation with cusps, sinusoidal nutation, and looping nutation, as well as the
derivation of a general analytic solution, are presented. The following derivations of pure
precession, nutation, and the general solution were only investigated for angles of attack of
−40o ≤ φ ≤ 40o. This limitation in angles of attack is because the curve fit for the radiation
pressure torque efficiency in Eqn. 3.14 is only valid for angles of attack of −40o ≤ φ ≤ 40o.
Prior to deriving the pure precession and nutation conditions for the hemisphere, an
additional approach that can formulate the EOM using the principles of conservation of
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energy and angular momentum will provide some useful equations. Since it was shown in
Sec. 3.2.3 the radiation pressure torque is a conservative field and the work done by that
force can be defined using a potential it follows that the total system energy is conserved.
By substituting Eqn. 3.14 for the potential energy term in Eqn. 3.44 the total system energy
can be rewritten as
E =
1
2
[Ia(θ˙2 sin2 φ + φ˙2) + Iyy(θ˙ cos φ + ψ˙)2] − Ipi(r1)
3
c
UQ = ξ = Const (3.56)
Where UQ is the analytical expression for the potential torque efficiency used in Eqn. 3.14
and is shown again below as
UQ =
p1
6
φ6 +
p2
5
φ5 +
p3
4
φ4 +
p4
3
φ3 +
p5
2
φ2 (3.57)
Because the mass moment of inertia matrix Icm is diagonal and the torque acting on this
hemisphere acts along the ıˆ3 unit vector, the rate of change of the angular momentum must
lie along ıˆ3. Also since ıˆ3 is confined to the plane defined by ıˆ2 and kˆ2, the rate of change of
the angular momentum along the ˆ2 unit vector is zero or the angular momentum about ˆ1 is
constant. By projecting angular momentum vector, ~H , onto the ˆ1 unit vector this condition
can be written as
~H · ˆ1 = Iyy(θ˙ cos φ + ψ˙) cos φ + Iaθ˙ sin2 φ = κ = Const (3.58)
Where ~H is the angular momentum vector and can be found in the ıˆ4 ˆ4 kˆ4 body frame
br performing
~H =
[
Icm
]
~ω (3.59)
Lastly a third equation is required to formulate the EOM using the conservation of
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energy and angular momentum. For any inertially symmetric object which is rotating about
its axis of symmetry, which may also be in motion, the angular momentum about that axis
is constant so long as no moment exists about that axis of symmetry. By then using the
previous characteristic, since the angular momentum is constant about the axis of symmetry
( ˆ4) for the hemisphere, the angular velocity must also be constant about ˆ4. By projecting
angular velocity vector ~ω along the ˆ4 unit vector, the angular momentum along ˆ4 can be
found. Recall this angular momentum along ˆ4 is also the total spin which is defined as ωy
in Eqn. 3.41 and is shown again below as Eqn. 3.60.
θ˙ cos φ + ψ˙ = ∆ = Const (3.60)
Note: If Eqn. 3.60 is multiplied with Iyy, Eqn. 3.60 becomes the projection of the
angular momentum along the ˆ4 unit vector or ~H · ˆ4.
Thus using Eqns. 3.56- 3.60 the rotational EOM of the hemisphere can be derived to
be of the same form as Eqns. 3.48- 3.50. These conditions of energy and angular momen-
tum conservation will come be used when deriving the conditions of pure precession and
nutation.
3.3.1 Pure Precession
Knowing that in the case of pure precession φ¨ = φ˙ = 0, and by then denoting θ˙ = Ω and
φ = η where Ω and η are constants of precession rate and nutation angular position under
steady precession, Eqn. 3.49 can be simplified to
Ω2(Ia − Iyy) sin η cos η − ΩIyyψ˙ sin η + Tx = 0 (3.61)
Where Eqn. 3.61 is a 2nd order polynomial from which zeros of Ω can be found to
achieve pure precession via the quadratic formula and can be seen below as Eqn. 3.62.
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Ω1,2 =
Iaψ˙ sin η ±
√
(Iyy sin ηψ˙)2 − 4Tx sin η cos η(Ia − Iyy)
2 sin η cos η(Ia − Iyy) (3.62)
Since for this system
(Ia − Iyy) < 0 (3.63)
and knowing that
Tx sin η cos η < 0 (3.64)
it can be seen that
4Tx sin η cos η(Ia − Iyy) (3.65)
will always be positive. Thus for pure precession to occur
(Iyyψ˙ sin η)2 ≥ 4Tx sin η cos η(Ia − Iyy) (3.66)
Equation. 3.62 also shows that there exists some critical spin rate, ψ˙c, for which if
ψ˙(t = 0) < ψ˙c pure precession is not possible, and any value for which ψ˙(t = 0) ≥ ψ˙c for
a given nutation angle η, pure precession will occur. Given the initial nutation position this
critical initial spin rate can be defined as
ψ˙c = ±
√
4Tx(Ia − Iyy)
I2yy tan η
(3.67)
This critical spin parameter is similar to the case of pure precession for a top, in that
both a critical spin rate or a critical nutation angle can be derived using a similar expres-
sion [1]. However for this radiation pressure driven system it is not feasible to derive a
critical nutation angle due to the Tx term containing a nonlinear function of nutation, φ,
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thus solving for a critical value of nutation, although possible, may not be as trivial. This
difference is slightly different to the spinning top where either case a critical spin rate or
critical nutation angle can be derived.
3.3.2 Nutation
When the hemisphere is undergoing pure precessional motion, if the motion is given a
small perturbation the resulting motion will consist of the original precession accompanied
by small periodic variations of the nutation angle, φ, and precession rate θ˙. These small
variations are known as nutations, and they can be described by starting with the initial
steady precessional motion. If this pure precessional motion is given some small perturba-
tion the values of φ and θ˙ can be written as
φ = η +  (3.68)
θ˙ = Ω + σ˙ (3.69)
Where  and σ˙ are the values of the perturbation and are assumed to be of a magnitude
such that terms containing squares, products or higher powers of them or their derivatives
can be ignored. By plugging Eqns. 3.68 and 3.69 into Eqns. 3.49 and 3.58 and using
Eqn. 3.61 the result is
Ia¨ + σ˙ sin η(Iyy∆ − 2IaΩ cos η) +  (Iyy∆Ω cos η − IaΩ2(cos2 η − sin2 η) − γ) = 0 (3.70)
Iaσ¨ sin η + ˙ (2ΩIa cos η − Iyy∆) = 0 (3.71)
Where
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γ =
Ipi(r1)3
c
(5p1η4 + 4p2η3 + 3p3η2 + 2p4η + p5) (3.72)
Note: γ is obtained from the analytical expression of radiation pressure torque effi-
ciency.
By then taking the time derivative of Eqn. 3.70, solving for σ¨, and plugging σ¨ into
Eqn. 3.71, a third order linear ordinary differential equation is found and can be seen below
as
...
 + z2˙ = 0 (3.73)
Where
z2 =
I2yy∆
2 + Iaγ − 3IaIyy∆Ω cos η + I2aΩ2(3 cos2 η + sin2 η)
I2a
(3.74)
Equation 3.73 has the general solution
 = x0 + x1 sin(zt) + x2 cos(zt) (3.75)
By using Eqn. 3.75 in Eqn. 3.71 σ˙ can be solved for. Which is defined in Eqn. 3.76
below as
σ˙ = x3 + (x1 sin(zt) + x2 cos(zt))
(2IaΩ cos η − Iyy∆
Ia sin η
)
(3.76)
Where x0, x1, x2, and x3 constants that can be determined from the initial conditions
of  , ˙ , σ˙, along with using Eqn. 3.71, expressions for x0, x1, x2, and x3 can be defined
in terms of  , ˙ , and σ˙. Final expressions for the nutation φ, and precession rate θ˙ can be
found from Eqns. 3.75 and 3.76 and written as
φ = η + x0 + x1 sin(zt) + x2 cos(zt) (3.77)
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Table 3.1: Model parameters used in analysis of hemisphere.
Parameter Value Units
Density of hemisphere, ρ 1060 kg/m3
Radius of hemisphere, r1 2.5 µm
Mass, m (2/3)pir21 ρ ≈ 1.38754−8 kg
Mass Moment of Inertia along ıˆ4, Ia (83/320)mr21 ≈ 2.24933 × 10−20 kg ·m2
Mass Moment of Inertia along ˆ4, Iyy (2/5)mr21 ≈ 3.46884 × 10−20 kg ·m2
Speed of Light, c 3 × 108 m/s
θ˙ = Ω + x3 + (x1 sin(zt) + x2 cos(zt))
(2IaΩ cos η − Iyy∆
Ia sin η
)
(3.78)
What can be inferred about our system from this small perturbation is that given some
disturbance off of pure precession that the nutation and precession angle are pi/2 out of
phase and have the same frequency of oscillation z. The nutation and precession rate will
also have some mean offset away from the pure precession case of x0 and x3 respectively.
This behavior described by the linear perturbation was then searched for in the full nonlin-
ear model. To achieve this nutation behavior in the nonlinear model the system parameters
shown in Tab. 3.1 are used in the nonlinear EOM, Eqns. 3.48 - 3.50. These EOM are then
simulated numerically in MATLAB’s ode45 to determine the result.
Starting with the case of pure precession, first an initial nutation angle φ0 = 10o is
chosen and then a corresponding initial spin value ψ˙0 is calculated using Eqn. 3.62. Next
an initial precession rate value θ˙0 is calculated using Eqn. 3.67 which will achieve pure
precession. These two values are ψ˙0 ≈ 0.95406 rad/s and θ˙0 ≈ −1.38088 rad/s. The initial
precession rate is then altered to a value of θ˙0 = 0 rad/s to produce a condition of nutation.
The intensity value that corresponds to these values is 1 × 107 W/m2. By performing this
simulation it was determined that nutation was achieved and that the properties previously
described by the perturbation carried over to nonlinear model. This nutation result can be
seen in Fig. 3.6. Note that the nutation and precession angles are indeed pi/2 out of phase
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Figure 3.6: Numerical results showing normalized values of nutation angle φ and precession angle θ as
functions of time. The amplitudes are normalized with the maximum value of the respective amplitudes to
better illustrate the frequency and phase. It can be seen that these two angle are pi/2 out of phase and oscillate
at the same frequency
and oscillate at the same frequency.
Lastly it was found that this system could display other types of nutation, those of which
correspond to nutation with loops, nutation with cusps and sinusoidal nutation. These three
types of motion can be seen below in Fig. 3.7.
3.3.3 General Solution
Now that the results in Sec. 3.3.1 and 3.3.2 have shown that techniques used for classical
top motion can be readily applied to this hemisphere model that is exposed to a nonlin-
ear radiation pressure torque, a general solution for the response can be formulated using
similar techniques for a top. The general solution used for the EOM require the previ-
ous conditions of angular momentum and energy conservation that is shown in Eqns. 3.56
- 3.60. This general solution is formed by first solving for θ˙ in Eqn. 3.58, this is seen as
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Figure 3.7: Different nutation motions cause by varying the initial value for θ˙ for a light intensity value of
1 × 107 W/m2. The initial values for nutation and spin rate are φ0 = 10o, ψ˙ ≈ 3.116995 rad/s. For pure
precession θ˙ ≈ −5.6325118 rad/s. (a) Sinusoidal nutation θ˙0 = −1 rad/s. (b) Nutation with cusps θ˙0 = 0
rad/s. (c) Looping Nutation θ˙0 = 0.75 rad/s
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θ˙ =
κ − Iyy∆ cos φ
Ia(1 − cos2 φ) (3.79)
By substituting Eqns. 3.60 and 3.79 into Eqn. 3.56, a first order nonlinear ordinary
differential equation in terms of nutation angle φ, nutation rate φ˙, and the system constants
ξ, κ, and ∆ is found. This is shown in Eqn. 3.80.
φ˙ =
ξ − (κ − Iyy∆ cos φ)2 − IaIyy∆2 sin2 φ − 2Ia sin2 φU
I2a sin2 φ
(3.80)
Recall that U in Eqn. 3.80 is the potential function for radiation pressure torque and
is a nonlinear function of φ. This potential function could be solved for analytically as
in Sect. 3.2.2 or numerically using the data tables of efficiencies. In comparison to the
general solution for a top, Eqn. 3.80 differs due to the potential term for the top system
containing a gravity term and for the hemisphere, the potential term is a nonlinear function
of nutation from radiation pressure torque. In the top solution, a common substitution
for u = cos φ is used to simplify Eqn. 3.80 to the form of u˙ = f (u). Where f (u) is a
nonlinear function of u, and the roots of that equation are found to describe the various
types of motion [1, 8, 10]. This approach using the substitution of u = cos φ could be
done for the hemisphere system if the radiation pressure torque potential was represented
as a summation of cosines opposed to a polynomial function which was used here. Also
a similar approach could be done without the substitution for cos φ however these general
solutions are not discussed in this research.
3.4 Nutation Control of Hemisphere
The main goal in understanding the dynamics of theses lenses is for the future application
of these devices for the use in the navigation and control of solar sails and related solar
navigation technology. With an understanding of the dynamics of these hemispheres there
is the potential that the angular orientation of these hemispheres could be controlled. If
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the orientation of these hemispheres can be controlled then the corresponding translational
motion due to radiation pressure could potentially provide a controllable fuel less propul-
sion device. However since these devices are on the microscopic size, designing closed
loop feedback control for each of these devices may be difficult. The other option would
be to provide an open loop control algorithm that would be able to change the orientation
of the hemisphere for a range of orientations and rotational velocities.
The focus of the following results pertain to controlling the rotational orientation of
the hemisphere using an open loop control algorithm that changes the laser intensity. By
changing the intensity of the laser, the torque on the hemisphere will change thus changing
the rotational motion. Because the motion of this hemisphere is similar to that of a spinning
top, it is known that during some state of precessional and nutation motion the total angular
momentum vector of this hemisphere will point in the general direction of the ˆ4 unit vector.
Thus to realign this hemisphere to the light direction, the angular momentum vector in the
ıˆ3 needs to be redirected using the radiation pressure torque. To perform this realignment,
the torque acting along the ıˆ3 unit vector can be altered by varying the light intensity. This
angular realignment is implemented in the closed loop control system and then an open
loop control algorithm.
To test the robustness of a single open loop control algorithm, the response of the hemi-
sphere for various initial conditions in phase space are analyzed. To test the robustness of
this open loop controller, first a closed loop PID control system is designed, and then the
intensity time history from that closed loop controller for a single response is applied to
various initial conditions in an open loop fashion. There are 4 main initial conditions that
could be varied to determine the effectiveness of the open loop control. Those variables
correspond to the spin rate ψ˙, nutation rate φ˙, precession rate θ˙, and nutation angle φ at
time t = 0 sec.
Note: Due to the intensity no longer being constant with time, Eqns. 3.48 - 3.50 are
transformed to a set of 2nd order nonlinear non-autonomous differential equations. Thus
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this system is no longer energy conserving and a potential function for the radiation pres-
sure forces cannot be used due to the time dependent intensity. Also some of the techniques
described in Sec. 3.3 may not be valid due to the assumption of an energy conserving sys-
tem. However despite this, the angular momentum along the ˆ1 and ˆ3 vectors are still
conserved and Eqns. 3.58 and 3.60 could still be utilized to analyze this system. For the
following analysis the non-autonomous forms of Eqns. 3.48 - 3.50 will be simulated nu-
merically using MATLAB’s ode45 to determine the response of the hemisphere. Due to
small errors in the numerical approximations of the response, careful convergence stud-
ies were performed to determine if decreasing values of absolute and relative error led to
convergence of the approximate solution.
3.4.1 Implementation of PID Control
To implement an open loop control scheme, the closed loop PID controller is first tuned to
desirable response for a single initial condition set. Then from that closed loop response,
the intensity time history from that closed loop response will be applied to hemisphere as
an open loop control algorithm. To first design the closed loop PID controller, the radiation
pressure torque is rewritten for in terms of the proportional, derivative, and integration
terms as
Tx = sign(φ)
(
KPφ + KDφ˙ + KI
∫
φ dt
) (
pi(r1)3
c
)
Qx (3.81)
Where KP, KD, and KI are the proportional, derivative, and integration constants in the
PID controller. For this analysis the desired state of the hemisphere is for φ = 0. Note that
when the open loop control is implemented the KPφ+KDφ˙+KI
∫
φ dt term will be replaced
with an intensity time history I (t). By using Eqn. 3.81 in Eqn. 3.49, along with Eqns. 3.48
- 3.50, the EOM for the closed loop system can be formed. Since the end result will be to
provide an open loop control algorithm that varies the intensity as a function of time, the
PID parameters are tuned for only one set of initial conditions. The set of initial conditions
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Figure 3.8: Closed loop response of nutation angle φ for PID parameters KP, KD, and KI equal to 1 ×
1012 W/m2 − rad, 1 × 1015 W-s/m2 − rad, and 1 × 1012 W/m2-rad-s respectively.
that the closed loop controller was tuned to are φ = 40o, ψ˙ = 20 rad/s, and θ˙ = φ˙ = 0
rad/s. Through careful manual tuning a desirable response of the hemisphere was found.
The response of the hemisphere’s nutation angle along with the corresponding intensity
time history plotted on a log-log scale can be seen below in Figs. 3.8 and 3.9. The closed
loop PID parameters KP, KD, and KI that produced this response are 1 × 1012 W/m2 − rad,
1 × 1015 W-s/m2 − rad, and 1 × 1012 W/m2-rad-s respectively.
Figure 3.8 shows there is some steady state error in the nutation angle, and as time in-
creases this steady state error will diminish due to the integration term in the PID controller.
When using this intensity for the open loop controller, the closed loop intensity time history
in Fig. 3.9 was slightly altered to allow for easier integration in the open loop analysis. This
altered intensity time history is shown in comparison with actual closed loop intensity time
history on a log-log scale shown in Fig. 3.9. By altering the intensity time history the open
loop controller will not be able to slowly eliminate the steady state error. This limitation in
94
10−15 10−13 10−11 10−9 10−7 10−5 10−3 10−1
108
109
1010
1011
1012
1013
1014
Time [sec]
In
te
n
si
ty
[W
/
m
2
]
 
 
PID Control
Open Loop
Figure 3.9: Comparison between closed loop intensity time history that caused the response of φ shown in
Fig. 3.8, and the altered intensity time history that is used in the open loop control plotted on a log-log scale
eliminating the steady error is due to the intensity after time = 0.05 [sec] being constant.
Thus as t→ ∞ there will always be some small steady state error in the nutation angle.
The approach taken in determining an appropriate intensity time history is rather crude
when compared the design of complex control algorithms in nonlinear systems and optimal
control. The main purpose of taking a crude approach was due to the fact that designing a
highly complex closed loop controller would not provide much benefit due to the end result
being used in an open loop fashion. Figure 3.9 shows the maximum value for the intensity
is very large and may provide some issues in a physical application. However by using
more complex control development schemes and open loop algorithms the intensity time
history could be tuned to meet realistic criteria.
3.4.2 Open Loop PID Control Response
Now that an intensity time history has been found using the closed loop PID controller, this
same intensity will be used in an open loop fashion for a large range of initial conditions that
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Figure 3.10: Examples of the open loop response for the nutation angle φ for various initial condition values
of φ, φ˙, θ˙, and ψ˙. (a) φ0 = 10o, φ˙0 = −10 rad/s, θ˙0 = 0 rad/s, and ψ˙0 = 30 rad/s (b) φ0 = 20o, φ˙0 = 10 rad/s,
θ˙0 = 10 rad/s, and ψ˙0 = 130 rad/s (c) φ0 = 30o, φ˙0 = 0 rad/s, θ˙0 = 5 rad/s, and ψ˙0 = −10 rad/s (d) φ0 = 35o,
φ˙0 = 5 rad/s, θ˙0 = −5 rad/s, and ψ˙0 = −20 rad/s (e) φ0 = 40o, φ˙0 = 20 rad/s, θ˙0 = 0 rad/s, and ψ˙0 = 60 rad/s
combine to give 4D parameter space. The initial conditions are −180 ≤ φ(t = 0) ≤ 180o,
−25 ≤ φ˙(t = 0) ≤ 25 rad/s, −50 ≤ ψ˙(t = 0) ≤ 50 rad/s, and −20 ≤ θ˙(t = 0) ≤
20 rad/s. For simplicity the initial conditions variables (e.g. φ(t = 0)) will be denoted
with φ0 respectively. Examples of various examples of the open loop response for varying
parameter sets can be seen in Fig. 3.10. By simulating the different combinations of initial
conditions the 4D parameter space can be evaluated to determine how effective this open
loop control is.
Figure. 3.10 shows that due to the oscillations of the nutation angle in the steady state
regime the mean value of oscillation, or nutation, will be used to evaluate the open loop
controller. This mean value of oscillation is also the new equilibrium nutation angle and
will be denoted as φss. By now using the 4D parameter set to generate various parameter
sets to simulate the open loop control algorithm, the effectiveness of the open loop control
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can be determined. This effectiveness can be visualized by taking 3D surfaces from the
4D space. Each 3D surface is taken for a given θ˙0 condition thus the 3D space for φ0,
φ˙0, and ψ˙0 defines a region of the 4D initial condition parameter space. The 3D surface
is effectively a 3D basin of attraction for the hemisphere’s equilibrium nutation angle φss.
Where one region of the 3D space is where the equilibrium angle for φss is ≥ 5o, and the
other region is where the equilibrium angle for φss is ≤ 5o. The transition surface between
where the separation of φss ≤ 5o and φss ≥ 5o occurs is of particular interest, and these
transition surface values of φ0 will be denoted as φc. Figures 3.11 - 3.13 show various 3D
transition surfaces for φss, where given an initial condition set, it can be determined if the
open loop control will be able to bring φss ≤ 5o. In Figs. 3.11 - 3.13 any initial condition
of φ0 that is less than or equal to the transition surface values of φ0 defined by φc has a
φss ≤ 5o and any value of φ0 ≥ φc has φss > 5o.
This is done by first taking the parameter set, then getting the value of φss from the
corresponding θ˙0, φ˙0 and ψ˙0 values. Then by determining if φss ≤ φc or if φss > φc. If
|φss | ≤ |φc | then the open loop control algorithm was deemed successful. Note that positive
values of φ is needed due to the transition surfaces being symmetric about φ0 = 0 Thus only
0 ≤ φ0 ≤ 180o is shown.
It can be seen from Figs. 3.11 - 3.13 that the open loop control algorithm is able to
successfully align the normal vector to within 5o of the light direction vector for a large
portion of the 4D parameter space. During the parameter space simulation there was a total
of 260610 different combinations of initial conditions. Of those various parameters sets,
64966 of them were in the φss ≤ 5o region of the basin of attraction. Thus one could infer
that there is approximately a 24.93% percent probability that a randomly selected initial
condition set selected from this parameter space would fall in the φss ≤ 5o region using the
open loop intensity time history shown in Fig. 3.9.
By analyzing the responses from various parameter sets, it could be conjectured that
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Figure 3.11: 3D transition surface for the open loop response of the hemisphere for θ˙0 = 0 rad/s. Due to
symmetry of the 3D surface only 0 ≤ φ0 ≤ 180o is shown. Note: The color bar applies to the initial nutation
angle φ0.
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Figure 3.12: 3D transition surface for the open loop response of the hemisphere for θ˙0 = 20 rad/s. Again
due to symmetry of the 3D surface only 0 ≤ φ0 ≤ 180o is shown. Note: The color bar applies to the initial
nutation angle φ0.
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Figure 3.13: 3D transition surface for the open loop response of the hemisphere for θ˙0 = −20 rad/s. As in
Figs. 3.11 and 3.12, due to symmetry of the 3D surface only 0 ≤ φ0 ≤ 180o is shown. Note: The color bar
applies to the initial nutation angle φ0.
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these hemispheres may lend themselves to being controlled in an open loop fashion. How-
ever, in real physical system it would be expected there would be more complex physics
occurring between the laser light and hemisphere that may not be accounted for in this
model, as well as the issue of large laser intensities being needed. However these results
have given the increasing possibility that these objects could be controlled and oriented
using open loop control that purely manipulates the laser intensity. One could envision
many of these small hemispheres being attached to the wings of a solar sail or contained
in a large array; whereby shining a high powered laser on a portion of the sail or array that
the hemispheres would want to rotate from a resulting torque. By using many hemispheres
their orientation may all be slightly different, however if the response for hemispheres with
different orientations to a given intensity is relatively the same, their response may allow
for a viable means of navigation and control of a large solar sail like object due to the ability
to predict the resulting force and torque on the sail. Another potential application for these
lenses could be in the use of a large interstellar telescope where many small microscopic
lenses form a large array of mirrors. Through proper alignment these lenses they may be
able to provide greater benefits for the focusing of light and other optical. However for
this to be possible the array of hemispheres would need to be aligned in a manner that is
predictable.
3.5 Conclusion
In this chapter the 3D motion of a gravity-free refractive hemisphere that is influenced by
radiation pressure was found. By using a Lagrangian formulation the equations of motion
of the hemisphere were found. The gyroscopic motion of the hemisphere was compared
to the motion of a spinning axisymmetric top under the influence of gravity using analyt-
ical and numerical techniques. By simulating the equations of motion it was shown that
pure precessional motion, and various forms of nutational motion in the radiation pressure
system was possible and comparable to that of the top. After the gyroscopic motion of
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the hemisphere was analyzed, a closed loop PID control system to drive the hemisphere’s
angular position towards the light direction was achieved by modulating the intensity of
the laser. Given the PID parameters for a closed loop controller, the intensity time history
response for a given set of initial conditions was then used for an open loop control sys-
tem. By generating a 4D parameter space of various initial conditions the effectiveness of
the open loop control algorithm was simulated. Using the open loop control algorithm the
responses showed that 25% of the parameter sets allowed the steady state nutation angle,
φss, to fall in the φss ≤ 5o region of the basin of attraction. This result was visualized by
generating various 3D transition surfaces between the φss ≤ 5o and φss > 5o regions for the
various initial condition sets.
To further extend the use of these hemispheres to applications driven by radiation pres-
sure, such as solar sails, there is the need for more advanced modeling as well as experi-
mentation. However, the results shown in this paper show there is the possibility that the
motion of these hemispheres may be able to be controlled through the use of open loop
control strategies. Thus it could be possible that these hemispheres could provide a viable
means of next-gen navigation and control technology that is used on solar sails. One could
envision that large sections of sail may have a large array of these microscopic lenses at-
tached, thus by shining a directed laser beam on the sail the force and torque provided by
these lenses may be able to used in a similar open loop fashion to provide a more optimal
means of navigation and control.
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Chapter 4
Summary and Conclusion
In this research the dynamic response of a 2D semi-cylindrical rod and 3D hemisphere was
analyzed when influenced by radiation pressure. The following conclusions can be made
about the 2D rolling semicylinder
1. Equilibrium points were found to exhibit pitchforking bifurcation at a critical inten-
sity value Icrit of 1.72 × 106 W/m2 and 12.81 × 106 W/m2 for the mirrored and
non-mirrored rod respectively
2. The mirrored cylinder displayed a classic pitchfork bifurcation, while the non-mirrored
cylinder displayed a cusp-catastrophe bifurcation
3. By modulating the intensity and transforming the linearized system in the Mathieu
equation, as well as given the appropriate amplitude and frequency parameters, the
semicylinder could show stable bounded oscillations around α = 0 for intensity val-
ues above the critical intensity
The following conclusions can be made about the free floating 3D hemisphere
1. The gyroscopic motion of the hemisphere was compared to the motion of a spin-
ning axis-symmetric top under the influence of gravity using analytical and numerical
techniques
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2. Classical top motions, which include pure precessional motion, and various forms of
nutational motion in the radiation pressure system was possible and comparable to
that of the top
3. A closed loop PID control system to drive the hemisphere normal vector towards the
light direction vector was achieved by modulating the intensity of the laser
4. An open loop control algorithm was found by using the intensity time history for a
closed loop PID response for a single initial condition
5. A 4D parameter space of various initial conditions was formed to evaluate the effec-
tiveness of the open loop control algorithm
6. The open loop control algorithm was able to successfully bring 24.93% of the param-
eter sets allowed the steady state nutation angle, φss, to fall in the φss ≤ 5o region of
the basin of attraction
By providing a better understanding of how this system responds to radiation pressure,
one can envision these properties being utilized to provide a predictable and potentially
controllable device that is driven by a laser beam. The next step in this research would be
to validate the motions of these models in physical systems through experimental work.
For this reason there remains some uncertainty about the validity of the assumptions made
herein. Were the response of these object to be replicated in experimentation, there would
be a need to begin to model the interaction between several lenses as not only the light
interacts but also how the dynamics of the objects interact with one another.
The direct application of these lenses to solar sails could provide a viable solution to
more precise and effective maneuverability of these interstellar objects. These objects pro-
vide great potential for aiding in the development of fuel less space propulsion systems that
will hopefully lead the way in next-gen space navigation systems.
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Appendix A
Radiation Pressure Data Tables and Curve fit
Coefficients
The data tables for the radiation pressure efficiency terms in Apps. A.3 A.5 were generated
by Alexandra Artusio-Glimpse using the modified POV-ray ray tracing program.
A.1 Radiation Pressure Efficiency Curve Fit Coefficients for Mirrored
semicylinder
Table A.1: Coefficients used for the curve fit Eqns. 2.15 - 2.17 of the mirrored radiation pressure efficiency
curves.
Parameter Value
a1 -0.4606
a2 1.123
a3 0.2592
a4 -1.524
a5 0
b1 0.8461
b2 -1.931
b3 0.01895
b4 1.572
c1 0.05134
c2 -0.2179
c3 0.2184
c4 0.09019
c5 -0.02459
c6 0
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A.2 Radiation Pressure Curve fit Coefficients for Refractive Hemi-
sphere
Table A.2: Coefficients used for the curve fit torque efficiency in Eqn. 3.14 for the refractive hemisphere.
Parameter Value
p1 -1.889
p2 4.294
p3 -2.686
p4 0.5587
p5 -0.1754
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A.3 Radiation Pressure Efficiency Data Table for Mirrored 2D semi-
cylinder
Table A.3: Radiation pressure efficiency data table for 2D mirrored semicylinder
Angle [Deg] QL QS QT
0.00 1.571e+00 -8.269e-06 -9.757e-06
1.00 1.570e+00 -2.612e-02 -3.924e-04
2.00 1.569e+00 -5.209e-02 -7.996e-04
3.00 1.566e+00 -7.797e-02 -1.134e-03
4.00 1.563e+00 -1.032e-01 -1.008e-03
5.00 1.559e+00 -1.287e-01 -1.159e-03
6.00 1.553e+00 -1.537e-01 -1.097e-03
7.00 1.547e+00 -1.790e-01 -1.333e-03
8.00 1.539e+00 -2.032e-01 -1.109e-03
9.00 1.530e+00 -2.272e-01 -7.130e-04
10.00 1.521e+00 -2.513e-01 -6.148e-04
11.00 1.511e+00 -2.749e-01 -4.684e-04
12.00 1.500e+00 -2.976e-01 3.344e-04
13.00 1.488e+00 -3.195e-01 1.519e-03
14.00 1.475e+00 -3.418e-01 2.078e-03
15.00 1.462e+00 -3.635e-01 2.603e-03
16.00 1.447e+00 -3.844e-01 3.495e-03
17.00 1.431e+00 -4.040e-01 4.703e-03
18.00 1.416e+00 -4.234e-01 5.815e-03
19.00 1.399e+00 -4.420e-01 7.254e-03
20.00 1.381e+00 -4.597e-01 8.946e-03
21.00 1.363e+00 -4.771e-01 1.048e-02
22.00 1.345e+00 -4.944e-01 1.139e-02
23.00 1.326e+00 -5.105e-01 1.325e-02
24.00 1.306e+00 -5.256e-01 1.519e-02
25.00 1.284e+00 -5.394e-01 1.773e-02
26.00 1.263e+00 -5.530e-01 1.974e-02
27.00 1.242e+00 -5.666e-01 2.170e-02
28.00 1.220e+00 -5.791e-01 2.377e-02
Continued on next page
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Table A.3 – continued from previous page
Angle [Deg] QL QS QT
29.00 1.197e+00 -5.900e-01 2.636e-02
30.00 1.175e+00 -6.011e-01 2.873e-02
31.00 1.151e+00 -6.111e-01 3.124e-02
32.00 1.127e+00 -6.195e-01 3.426e-02
33.00 1.103e+00 -6.278e-01 3.724e-02
34.00 1.079e+00 -6.358e-01 3.948e-02
35.00 1.055e+00 -6.428e-01 4.241e-02
36.00 1.029e+00 -6.485e-01 4.550e-02
37.00 1.005e+00 -6.533e-01 4.891e-02
38.00 9.795e-01 -6.582e-01 5.160e-02
39.00 9.549e-01 -6.621e-01 5.455e-02
40.00 9.288e-01 -6.645e-01 5.800e-02
41.00 9.040e-01 -6.669e-01 6.116e-02
42.00 8.779e-01 -6.677e-01 6.449e-02
43.00 8.532e-01 -6.690e-01 6.758e-02
44.00 8.278e-01 -6.683e-01 7.137e-02
45.00 8.018e-01 -6.671e-01 7.482e-02
46.00 7.771e-01 -6.659e-01 7.806e-02
47.00 7.523e-01 -6.639e-01 8.134e-02
48.00 7.266e-01 -6.606e-01 8.461e-02
49.00 7.019e-01 -6.566e-01 8.861e-02
50.00 6.775e-01 -6.521e-01 9.228e-02
51.00 6.534e-01 -6.473e-01 9.561e-02
52.00 6.289e-01 -6.418e-01 9.865e-02
53.00 6.045e-01 -6.348e-01 1.027e-01
54.00 5.813e-01 -6.287e-01 1.058e-01
55.00 5.580e-01 -6.207e-01 1.098e-01
56.00 5.353e-01 -6.133e-01 1.127e-01
57.00 5.127e-01 -6.044e-01 1.165e-01
58.00 4.904e-01 -5.950e-01 1.201e-01
59.00 4.686e-01 -5.857e-01 1.233e-01
60.00 4.473e-01 -5.761e-01 1.263e-01
61.00 4.263e-01 -5.656e-01 1.296e-01
Continued on next page
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Table A.3 – continued from previous page
Angle [Deg] QL QS QT
62.00 4.057e-01 -5.547e-01 1.329e-01
63.00 3.854e-01 -5.429e-01 1.362e-01
64.00 3.659e-01 -5.306e-01 1.397e-01
65.00 3.472e-01 -5.191e-01 1.429e-01
66.00 3.285e-01 -5.070e-01 1.458e-01
67.00 3.102e-01 -4.943e-01 1.487e-01
68.00 2.924e-01 -4.807e-01 1.516e-01
69.00 2.759e-01 -4.683e-01 1.545e-01
70.00 2.591e-01 -4.544e-01 1.574e-01
71.00 2.429e-01 -4.407e-01 1.597e-01
72.00 2.278e-01 -4.271e-01 1.627e-01
73.00 2.125e-01 -4.128e-01 1.652e-01
74.00 1.986e-01 -3.990e-01 1.677e-01
75.00 1.845e-01 -3.849e-01 1.698e-01
76.00 1.715e-01 -3.706e-01 1.723e-01
77.00 1.584e-01 -3.560e-01 1.743e-01
78.00 1.465e-01 -3.417e-01 1.765e-01
79.00 1.348e-01 -3.271e-01 1.783e-01
80.00 1.237e-01 -3.129e-01 1.801e-01
81.00 1.133e-01 -2.987e-01 1.820e-01
82.00 1.034e-01 -2.842e-01 1.834e-01
83.00 7.834e-02 -1.462e-01 1.222e-01
84.00 6.278e-02 -4.564e-02 7.852e-02
85.00 5.385e-02 1.668e-02 5.295e-02
86.00 4.823e-02 6.253e-02 3.473e-02
87.00 4.479e-02 9.848e-02 2.069e-02
88.00 4.291e-02 1.219e-01 1.188e-02
89.00 4.188e-02 1.389e-01 5.348e-03
90.00 4.158e-02 1.498e-01 1.059e-03
91.00 4.155e-02 1.555e-01 -8.688e-04
92.00 4.181e-02 1.595e-01 -1.404e-03
93.00 4.216e-02 1.661e-01 -2.827e-03
94.00 4.271e-02 1.718e-01 -3.241e-03
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95.00 4.353e-02 1.781e-01 -3.498e-03
96.00 4.457e-02 1.850e-01 -3.786e-03
97.00 4.605e-02 1.931e-01 -3.997e-03
98.00 4.827e-02 2.015e-01 -3.934e-03
99.00 5.045e-02 2.101e-01 -3.686e-03
100.00 5.306e-02 2.190e-01 -3.018e-03
101.00 5.644e-02 2.291e-01 -2.378e-03
102.00 6.022e-02 2.397e-01 -1.997e-03
103.00 6.445e-02 2.509e-01 -1.456e-03
104.00 6.989e-02 2.636e-01 -9.274e-04
105.00 7.560e-02 2.765e-01 -3.634e-04
106.00 8.237e-02 2.902e-01 3.491e-04
107.00 8.925e-02 3.034e-01 7.336e-04
108.00 9.767e-02 3.186e-01 9.931e-04
109.00 1.066e-01 3.340e-01 1.433e-03
110.00 1.165e-01 3.494e-01 2.231e-03
111.00 1.277e-01 3.663e-01 2.458e-03
112.00 1.391e-01 3.820e-01 3.303e-03
113.00 1.519e-01 3.990e-01 3.351e-03
114.00 1.653e-01 4.157e-01 3.468e-03
115.00 1.799e-01 4.327e-01 4.138e-03
116.00 1.954e-01 4.496e-01 4.765e-03
117.00 2.122e-01 4.677e-01 4.877e-03
118.00 2.302e-01 4.855e-01 5.104e-03
119.00 2.489e-01 5.029e-01 5.503e-03
120.00 2.680e-01 5.196e-01 5.210e-03
121.00 2.884e-01 5.361e-01 5.978e-03
122.00 3.099e-01 5.526e-01 6.619e-03
123.00 3.329e-01 5.696e-01 6.806e-03
124.00 3.568e-01 5.863e-01 6.802e-03
125.00 3.799e-01 6.004e-01 7.005e-03
126.00 4.060e-01 6.165e-01 6.945e-03
127.00 4.320e-01 6.306e-01 7.864e-03
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128.00 4.599e-01 6.455e-01 7.035e-03
129.00 4.873e-01 6.585e-01 7.404e-03
130.00 5.161e-01 6.710e-01 8.117e-03
131.00 5.452e-01 6.826e-01 7.690e-03
132.00 5.762e-01 6.945e-01 7.440e-03
133.00 6.080e-01 7.055e-01 7.890e-03
134.00 6.383e-01 7.139e-01 7.599e-03
135.00 6.705e-01 7.220e-01 8.503e-03
136.00 7.033e-01 7.299e-01 7.639e-03
137.00 7.377e-01 7.370e-01 7.814e-03
138.00 7.701e-01 7.414e-01 7.725e-03
139.00 8.042e-01 7.461e-01 7.079e-03
140.00 8.389e-01 7.490e-01 7.876e-03
141.00 8.741e-01 7.518e-01 6.880e-03
142.00 9.076e-01 7.517e-01 6.787e-03
143.00 9.436e-01 7.517e-01 7.710e-03
144.00 9.788e-01 7.501e-01 7.211e-03
145.00 1.015e+00 7.480e-01 6.504e-03
146.00 1.049e+00 7.434e-01 6.363e-03
147.00 1.083e+00 7.378e-01 6.588e-03
148.00 1.119e+00 7.317e-01 6.054e-03
149.00 1.154e+00 7.242e-01 5.438e-03
150.00 1.189e+00 7.155e-01 5.265e-03
151.00 1.222e+00 7.047e-01 5.533e-03
152.00 1.256e+00 6.936e-01 4.651e-03
153.00 1.288e+00 6.809e-01 4.027e-03
154.00 1.321e+00 6.664e-01 4.612e-03
155.00 1.353e+00 6.511e-01 4.869e-03
156.00 1.385e+00 6.358e-01 2.968e-03
157.00 1.417e+00 6.186e-01 3.169e-03
158.00 1.445e+00 5.996e-01 2.368e-03
159.00 1.473e+00 5.793e-01 3.611e-03
160.00 1.501e+00 5.589e-01 3.007e-03
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161.00 1.528e+00 5.377e-01 1.853e-03
162.00 1.554e+00 5.152e-01 1.158e-03
163.00 1.579e+00 4.910e-01 2.088e-03
164.00 1.605e+00 4.667e-01 1.667e-03
165.00 1.627e+00 4.417e-01 1.565e-03
166.00 1.648e+00 4.157e-01 1.922e-03
167.00 1.666e+00 3.891e-01 1.498e-03
168.00 1.686e+00 3.621e-01 1.653e-04
169.00 1.704e+00 3.339e-01 2.167e-04
170.00 1.720e+00 3.053e-01 1.043e-03
171.00 1.732e+00 2.764e-01 4.007e-04
172.00 1.748e+00 2.469e-01 6.783e-04
173.00 1.759e+00 2.173e-01 -6.461e-04
174.00 1.771e+00 1.866e-01 8.754e-04
175.00 1.779e+00 1.561e-01 -2.316e-05
176.00 1.785e+00 1.251e-01 -1.657e-04
177.00 1.793e+00 9.386e-02 -5.816e-04
178.00 1.797e+00 6.272e-02 5.604e-04
179.00 1.799e+00 3.139e-02 1.113e-03
180.00 1.800e+00 2.204e-16 2.000e-05
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A.4 Radiation Pressure Efficiency Data Tables for Non-Mirrored 2D
semicylinder
Table A.4: Radiation pressure efficiency data table for 2D non-mirrored semicylinder
Angle [Deg] QL QS QT
0.00 8.255e-02 -6.271e-06 -1.003e-07
1.00 8.433e-02 -9.100e-03 -2.140e-03
2.00 8.357e-02 -1.806e-02 -4.590e-03
3.00 8.478e-02 -2.704e-02 -6.905e-03
4.00 8.549e-02 -3.549e-02 -8.533e-03
5.00 8.802e-02 -4.442e-02 -1.068e-02
6.00 8.929e-02 -5.311e-02 -1.289e-02
7.00 9.080e-02 -6.221e-02 -1.522e-02
8.00 9.304e-02 -7.062e-02 -1.732e-02
9.00 9.498e-02 -7.918e-02 -1.953e-02
10.00 9.841e-02 -8.827e-02 -2.173e-02
11.00 1.017e-01 -9.729e-02 -2.408e-02
12.00 1.053e-01 -1.058e-01 -2.649e-02
13.00 1.089e-01 -1.142e-01 -2.850e-02
14.00 1.139e-01 -1.235e-01 -3.137e-02
15.00 1.189e-01 -1.328e-01 -3.436e-02
16.00 1.235e-01 -1.418e-01 -3.705e-02
17.00 1.282e-01 -1.502e-01 -3.967e-02
18.00 1.344e-01 -1.592e-01 -4.303e-02
19.00 1.407e-01 -1.681e-01 -4.594e-02
20.00 1.462e-01 -1.767e-01 -4.845e-02
21.00 1.535e-01 -1.862e-01 -5.166e-02
22.00 1.606e-01 -1.961e-01 -5.515e-02
23.00 1.681e-01 -2.053e-01 -5.809e-02
24.00 1.762e-01 -2.149e-01 -6.095e-02
25.00 1.841e-01 -2.241e-01 -6.311e-02
26.00 1.925e-01 -2.338e-01 -6.574e-02
27.00 2.025e-01 -2.445e-01 -6.852e-02
28.00 2.122e-01 -2.552e-01 -7.085e-02
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29.00 2.219e-01 -2.654e-01 -7.244e-02
30.00 2.315e-01 -2.758e-01 -7.404e-02
31.00 2.425e-01 -2.873e-01 -7.518e-02
32.00 2.521e-01 -2.972e-01 -7.547e-02
33.00 2.630e-01 -3.084e-01 -7.536e-02
34.00 2.737e-01 -3.201e-01 -7.536e-02
35.00 2.843e-01 -3.313e-01 -7.453e-02
36.00 2.941e-01 -3.420e-01 -7.268e-02
37.00 3.048e-01 -3.532e-01 -7.027e-02
38.00 3.145e-01 -3.649e-01 -6.767e-02
39.00 3.237e-01 -3.755e-01 -6.458e-02
40.00 3.327e-01 -3.866e-01 -6.003e-02
41.00 3.409e-01 -3.969e-01 -5.560e-02
42.00 3.480e-01 -4.069e-01 -5.013e-02
43.00 3.553e-01 -4.173e-01 -4.471e-02
44.00 3.605e-01 -4.255e-01 -3.822e-02
45.00 3.659e-01 -4.349e-01 -3.117e-02
46.00 3.704e-01 -4.436e-01 -2.436e-02
47.00 3.734e-01 -4.510e-01 -1.733e-02
48.00 3.756e-01 -4.586e-01 -9.532e-03
49.00 3.763e-01 -4.641e-01 -1.366e-03
50.00 3.764e-01 -4.693e-01 6.712e-03
51.00 3.759e-01 -4.746e-01 1.464e-02
52.00 3.741e-01 -4.790e-01 2.245e-02
53.00 3.708e-01 -4.815e-01 3.111e-02
54.00 3.677e-01 -4.849e-01 3.892e-02
55.00 3.630e-01 -4.858e-01 4.730e-02
56.00 3.579e-01 -4.873e-01 5.467e-02
57.00 3.521e-01 -4.872e-01 6.283e-02
58.00 3.455e-01 -4.865e-01 7.076e-02
59.00 3.380e-01 -4.851e-01 7.791e-02
60.00 3.298e-01 -4.828e-01 8.463e-02
61.00 3.215e-01 -4.800e-01 9.172e-02
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62.00 3.123e-01 -4.758e-01 9.829e-02
63.00 3.034e-01 -4.719e-01 1.054e-01
64.00 2.930e-01 -4.653e-01 1.117e-01
65.00 2.828e-01 -4.596e-01 1.176e-01
66.00 2.727e-01 -4.536e-01 1.233e-01
67.00 2.621e-01 -4.467e-01 1.289e-01
68.00 2.508e-01 -4.382e-01 1.341e-01
69.00 2.404e-01 -4.305e-01 1.391e-01
70.00 2.293e-01 -4.213e-01 1.441e-01
71.00 2.177e-01 -4.118e-01 1.482e-01
72.00 2.067e-01 -4.014e-01 1.525e-01
73.00 1.957e-01 -3.914e-01 1.569e-01
74.00 1.844e-01 -3.802e-01 1.605e-01
75.00 1.734e-01 -3.690e-01 1.637e-01
76.00 1.628e-01 -3.576e-01 1.673e-01
77.00 1.523e-01 -3.459e-01 1.704e-01
78.00 1.416e-01 -3.323e-01 1.729e-01
79.00 1.311e-01 -3.201e-01 1.756e-01
80.00 1.214e-01 -3.075e-01 1.781e-01
81.00 1.121e-01 -2.946e-01 1.804e-01
82.00 1.024e-01 -2.806e-01 1.820e-01
83.00 7.816e-02 -1.448e-01 1.216e-01
84.00 6.247e-02 -4.398e-02 7.789e-02
85.00 5.362e-02 1.820e-02 5.236e-02
86.00 4.811e-02 6.348e-02 3.435e-02
87.00 4.474e-02 9.848e-02 2.070e-02
88.00 4.291e-02 1.219e-01 1.188e-02
89.00 4.188e-02 1.389e-01 5.348e-03
90.00 4.157e-02 1.498e-01 1.061e-03
91.00 4.155e-02 1.555e-01 -8.667e-04
92.00 4.179e-02 1.591e-01 -1.404e-03
93.00 4.209e-02 1.649e-01 -2.826e-03
94.00 5.431e-02 1.605e-01 -5.490e-03
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95.00 6.027e-02 1.596e-01 -7.106e-03
96.00 6.589e-02 1.564e-01 -8.049e-03
97.00 7.398e-02 1.559e-01 -9.468e-03
98.00 8.066e-02 1.556e-01 -9.839e-03
99.00 8.749e-02 1.518e-01 -1.050e-02
100.00 9.755e-02 1.461e-01 -1.345e-02
101.00 1.051e-01 1.455e-01 -1.296e-02
102.00 1.119e-01 1.394e-01 -1.431e-02
103.00 1.194e-01 1.372e-01 -1.425e-02
104.00 1.284e-01 1.314e-01 -1.674e-02
105.00 1.397e-01 1.314e-01 -1.778e-02
106.00 1.381e-01 9.490e-02 -1.789e-02
107.00 1.428e-01 8.825e-02 -1.855e-02
108.00 1.514e-01 8.427e-02 -1.989e-02
109.00 1.605e-01 8.080e-02 -2.149e-02
110.00 1.660e-01 7.667e-02 -2.235e-02
111.00 1.751e-01 7.240e-02 -2.401e-02
112.00 1.824e-01 6.844e-02 -2.395e-02
113.00 1.912e-01 6.372e-02 -2.467e-02
114.00 1.996e-01 6.004e-02 -2.680e-02
115.00 2.040e-01 5.993e-02 -2.657e-02
116.00 2.129e-01 5.692e-02 -2.900e-02
117.00 2.222e-01 5.443e-02 -2.994e-02
118.00 2.320e-01 5.228e-02 -3.095e-02
119.00 2.395e-01 5.269e-02 -3.215e-02
120.00 2.466e-01 4.887e-02 -3.255e-02
121.00 2.536e-01 4.823e-02 -3.389e-02
122.00 2.602e-01 4.712e-02 -3.441e-02
123.00 2.700e-01 4.496e-02 -3.704e-02
124.00 2.808e-01 4.236e-02 -3.848e-02
125.00 2.845e-01 4.458e-02 -3.810e-02
126.00 2.949e-01 4.102e-02 -3.997e-02
127.00 3.010e-01 4.169e-02 -4.039e-02
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128.00 3.098e-01 4.144e-02 -4.179e-02
129.00 3.201e-01 3.724e-02 -4.326e-02
130.00 3.281e-01 3.743e-02 -4.402e-02
131.00 3.342e-01 3.791e-02 -4.429e-02
132.00 3.442e-01 3.760e-02 -4.513e-02
133.00 3.546e-01 3.587e-02 -4.602e-02
134.00 3.608e-01 3.633e-02 -4.592e-02
135.00 3.715e-01 3.427e-02 -4.701e-02
136.00 3.784e-01 3.555e-02 -4.662e-02
137.00 3.900e-01 3.550e-02 -4.810e-02
138.00 3.968e-01 3.520e-02 -4.854e-02
139.00 4.067e-01 3.391e-02 -4.840e-02
140.00 4.153e-01 3.669e-02 -4.894e-02
141.00 4.251e-01 3.468e-02 -4.917e-02
142.00 4.320e-01 3.191e-02 -4.970e-02
143.00 4.424e-01 3.159e-02 -5.026e-02
144.00 4.506e-01 3.222e-02 -5.025e-02
145.00 4.605e-01 3.051e-02 -5.063e-02
146.00 4.656e-01 2.917e-02 -4.924e-02
147.00 4.720e-01 3.131e-02 -4.849e-02
148.00 4.801e-01 2.972e-02 -4.855e-02
149.00 4.881e-01 2.987e-02 -4.767e-02
150.00 4.970e-01 2.636e-02 -4.773e-02
151.00 5.045e-01 2.432e-02 -4.743e-02
152.00 5.121e-01 2.419e-02 -4.635e-02
153.00 5.188e-01 2.275e-02 -4.590e-02
154.00 5.237e-01 2.064e-02 -4.481e-02
155.00 5.309e-01 1.948e-02 -4.420e-02
156.00 5.378e-01 1.921e-02 -4.269e-02
157.00 5.456e-01 1.865e-02 -4.206e-02
158.00 5.502e-01 1.541e-02 -4.059e-02
159.00 5.549e-01 1.247e-02 -4.016e-02
160.00 5.626e-01 1.295e-02 -3.876e-02
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161.00 5.676e-01 1.271e-02 -3.715e-02
162.00 5.735e-01 1.038e-02 -3.581e-02
163.00 5.795e-01 7.452e-03 -3.463e-02
164.00 5.841e-01 9.045e-03 -3.231e-02
165.00 5.909e-01 8.725e-03 -3.083e-02
166.00 5.943e-01 7.776e-03 -2.874e-02
167.00 5.991e-01 5.436e-03 -2.777e-02
168.00 6.015e-01 2.556e-03 -2.596e-02
169.00 6.057e-01 8.016e-03 -2.275e-02
170.00 6.093e-01 5.044e-03 -2.111e-02
171.00 6.110e-01 2.595e-03 -1.942e-02
172.00 6.137e-01 3.186e-03 -1.712e-02
173.00 6.160e-01 -6.598e-04 -1.556e-02
174.00 6.176e-01 3.618e-03 -1.312e-02
175.00 6.185e-01 -7.672e-04 -1.164e-02
176.00 6.185e-01 -1.137e-03 -9.252e-03
177.00 6.187e-01 2.252e-03 -6.423e-03
178.00 6.196e-01 -4.404e-03 -6.022e-03
179.00 6.206e-01 -1.928e-03 -3.249e-03
180.00 6.209e-01 -3.919e-05 -1.209e-05
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A.5 Radiation Pressure Efficiency Data Tables for Refractive 3D Hemi-
sphere
Table A.5: Radiation pressure efficiency data table for 3D refractive Hemisphere
Angle [Deg] QX QY QZ
0.00 -3.348e-06 1.562e-01 -1.008e-06
1.00 -9.227e-03 1.564e-01 -2.428e-03
2.00 -1.851e-02 1.570e-01 -4.916e-03
3.00 -2.777e-02 1.581e-01 -7.340e-03
4.00 -3.704e-02 1.594e-01 -9.838e-03
5.00 -4.621e-02 1.608e-01 -1.228e-02
6.00 -5.531e-02 1.625e-01 -1.471e-02
7.00 -6.437e-02 1.645e-01 -1.714e-02
8.00 -7.341e-02 1.667e-01 -1.964e-02
9.00 -8.243e-02 1.693e-01 -2.217e-02
10.00 -9.147e-02 1.725e-01 -2.467e-02
11.00 -1.006e-01 1.762e-01 -2.720e-02
12.00 -1.096e-01 1.800e-01 -2.979e-02
13.00 -1.188e-01 1.844e-01 -3.248e-02
14.00 -1.279e-01 1.891e-01 -3.525e-02
15.00 -1.371e-01 1.942e-01 -3.807e-02
16.00 -1.463e-01 1.996e-01 -4.098e-02
17.00 -1.555e-01 2.054e-01 -4.394e-02
18.00 -1.647e-01 2.117e-01 -4.698e-02
19.00 -1.740e-01 2.183e-01 -5.003e-02
20.00 -1.833e-01 2.254e-01 -5.308e-02
21.00 -1.927e-01 2.330e-01 -5.612e-02
22.00 -2.022e-01 2.409e-01 -5.909e-02
23.00 -2.118e-01 2.493e-01 -6.194e-02
24.00 -2.216e-01 2.581e-01 -6.469e-02
25.00 -2.315e-01 2.673e-01 -6.733e-02
26.00 -2.415e-01 2.769e-01 -6.970e-02
27.00 -2.517e-01 2.869e-01 -7.184e-02
28.00 -2.620e-01 2.971e-01 -7.364e-02
Continued on next page
122
Table A.5 – continued from previous page
Angle [Deg] QX QY QZ
29.00 -2.724e-01 3.076e-01 -7.514e-02
30.00 -2.829e-01 3.183e-01 -7.619e-02
31.00 -2.936e-01 3.293e-01 -7.683e-02
32.00 -3.042e-01 3.401e-01 -7.693e-02
33.00 -3.151e-01 3.511e-01 -7.650e-02
34.00 -3.258e-01 3.618e-01 -7.549e-02
35.00 -3.366e-01 3.725e-01 -7.393e-02
36.00 -3.473e-01 3.828e-01 -7.176e-02
37.00 -3.578e-01 3.927e-01 -6.891e-02
38.00 -3.683e-01 4.022e-01 -6.556e-02
39.00 -3.784e-01 4.110e-01 -6.149e-02
40.00 -3.883e-01 4.191e-01 -5.687e-02
41.00 -3.979e-01 4.265e-01 -5.176e-02
42.00 -4.071e-01 4.330e-01 -4.613e-02
43.00 -4.157e-01 4.385e-01 -4.001e-02
44.00 -4.239e-01 4.430e-01 -3.348e-02
45.00 -4.315e-01 4.465e-01 -2.664e-02
46.00 -4.385e-01 4.489e-01 -1.952e-02
47.00 -4.448e-01 4.502e-01 -1.218e-02
48.00 -4.503e-01 4.504e-01 -4.643e-03
49.00 -4.553e-01 4.495e-01 2.943e-03
50.00 -4.594e-01 4.476e-01 1.066e-02
51.00 -4.627e-01 4.446e-01 1.832e-02
52.00 -4.655e-01 4.407e-01 2.599e-02
53.00 -4.672e-01 4.356e-01 3.352e-02
54.00 -4.680e-01 4.297e-01 4.093e-02
55.00 -4.683e-01 4.230e-01 4.824e-02
56.00 -4.676e-01 4.154e-01 5.534e-02
57.00 -4.663e-01 4.071e-01 6.229e-02
58.00 -4.641e-01 3.981e-01 6.903e-02
59.00 -4.611e-01 3.885e-01 7.551e-02
60.00 -4.574e-01 3.784e-01 8.177e-02
61.00 -4.530e-01 3.678e-01 8.781e-02
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62.00 -4.480e-01 3.568e-01 9.360e-02
63.00 -4.422e-01 3.454e-01 9.914e-02
64.00 -4.358e-01 3.338e-01 1.045e-01
65.00 -4.288e-01 3.219e-01 1.095e-01
66.00 -4.212e-01 3.098e-01 1.144e-01
67.00 -4.131e-01 2.976e-01 1.190e-01
68.00 -4.044e-01 2.854e-01 1.233e-01
69.00 -3.953e-01 2.731e-01 1.275e-01
70.00 -3.857e-01 2.609e-01 1.314e-01
71.00 -3.757e-01 2.487e-01 1.351e-01
72.00 -3.652e-01 2.367e-01 1.386e-01
73.00 -3.545e-01 2.248e-01 1.419e-01
74.00 -3.434e-01 2.131e-01 1.450e-01
75.00 -3.320e-01 2.016e-01 1.479e-01
76.00 -3.203e-01 1.903e-01 1.507e-01
77.00 -3.086e-01 1.794e-01 1.533e-01
78.00 -2.965e-01 1.688e-01 1.557e-01
79.00 -2.843e-01 1.585e-01 1.579e-01
80.00 -2.721e-01 1.485e-01 1.600e-01
81.00 -2.597e-01 1.389e-01 1.619e-01
82.00 -2.473e-01 1.297e-01 1.636e-01
83.00 -2.048e-01 1.172e-01 1.481e-01
84.00 -1.333e-01 1.031e-01 1.154e-01
85.00 -6.948e-02 9.224e-02 8.625e-02
86.00 -1.387e-02 8.413e-02 6.082e-02
87.00 3.336e-02 7.843e-02 3.913e-02
88.00 7.146e-02 7.470e-02 2.152e-02
89.00 1.002e-01 7.244e-02 8.041e-03
90.00 1.179e-01 7.122e-02 -4.236e-04
91.00 1.273e-01 7.042e-02 -4.617e-03
92.00 1.344e-01 6.990e-02 -7.193e-03
93.00 1.402e-01 6.955e-02 -8.790e-03
94.00 1.427e-01 8.689e-02 -1.308e-02
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95.00 1.451e-01 9.562e-02 -1.537e-02
96.00 1.465e-01 1.055e-01 -1.735e-02
97.00 1.477e-01 1.163e-01 -1.928e-02
98.00 1.483e-01 1.280e-01 -2.100e-02
99.00 1.485e-01 1.405e-01 -2.294e-02
100.00 1.482e-01 1.536e-01 -2.487e-02
101.00 1.480e-01 1.674e-01 -2.689e-02
102.00 1.477e-01 1.815e-01 -2.881e-02
103.00 1.475e-01 1.963e-01 -3.085e-02
104.00 1.473e-01 2.111e-01 -3.293e-02
105.00 1.468e-01 2.264e-01 -3.508e-02
106.00 1.135e-01 2.327e-01 -3.730e-02
107.00 1.118e-01 2.475e-01 -3.943e-02
108.00 1.103e-01 2.623e-01 -4.175e-02
109.00 1.092e-01 2.774e-01 -4.371e-02
110.00 1.080e-01 2.926e-01 -4.595e-02
111.00 1.070e-01 3.080e-01 -4.812e-02
112.00 1.063e-01 3.233e-01 -5.013e-02
113.00 1.054e-01 3.389e-01 -5.219e-02
114.00 1.047e-01 3.543e-01 -5.421e-02
115.00 1.040e-01 3.698e-01 -5.625e-02
116.00 1.033e-01 3.854e-01 -5.827e-02
117.00 1.024e-01 4.009e-01 -6.028e-02
118.00 1.016e-01 4.165e-01 -6.225e-02
119.00 1.006e-01 4.319e-01 -6.431e-02
120.00 9.958e-02 4.472e-01 -6.619e-02
121.00 9.836e-02 4.625e-01 -6.815e-02
122.00 9.714e-02 4.777e-01 -7.010e-02
123.00 9.578e-02 4.929e-01 -7.199e-02
124.00 9.460e-02 5.081e-01 -7.382e-02
125.00 9.328e-02 5.231e-01 -7.567e-02
126.00 9.198e-02 5.382e-01 -7.743e-02
127.00 9.059e-02 5.530e-01 -7.910e-02
Continued on next page
125
Table A.5 – continued from previous page
Angle [Deg] QX QY QZ
128.00 8.944e-02 5.677e-01 -8.076e-02
129.00 8.815e-02 5.825e-01 -8.234e-02
130.00 8.703e-02 5.971e-01 -8.380e-02
131.00 8.594e-02 6.118e-01 -8.524e-02
132.00 8.481e-02 6.260e-01 -8.642e-02
133.00 8.370e-02 6.401e-01 -8.748e-02
134.00 8.237e-02 6.545e-01 -8.844e-02
135.00 8.103e-02 6.686e-01 -8.920e-02
136.00 7.932e-02 6.828e-01 -8.979e-02
137.00 7.776e-02 6.966e-01 -9.016e-02
138.00 7.589e-02 7.103e-01 -9.047e-02
139.00 7.397e-02 7.234e-01 -9.057e-02
140.00 7.195e-02 7.367e-01 -9.061e-02
141.00 7.003e-02 7.493e-01 -9.044e-02
142.00 6.784e-02 7.620e-01 -9.020e-02
143.00 6.544e-02 7.744e-01 -8.983e-02
144.00 6.345e-02 7.862e-01 -8.920e-02
145.00 6.085e-02 7.982e-01 -8.856e-02
146.00 5.863e-02 8.095e-01 -8.767e-02
147.00 5.632e-02 8.209e-01 -8.674e-02
148.00 5.393e-02 8.317e-01 -8.563e-02
149.00 5.167e-02 8.424e-01 -8.447e-02
150.00 4.932e-02 8.526e-01 -8.310e-02
151.00 4.677e-02 8.627e-01 -8.169e-02
152.00 4.438e-02 8.725e-01 -8.013e-02
153.00 4.191e-02 8.820e-01 -7.844e-02
154.00 3.974e-02 8.909e-01 -7.662e-02
155.00 3.734e-02 8.999e-01 -7.471e-02
156.00 3.510e-02 9.084e-01 -7.268e-02
157.00 3.283e-02 9.167e-01 -7.048e-02
158.00 3.077e-02 9.249e-01 -6.821e-02
159.00 2.864e-02 9.326e-01 -6.592e-02
160.00 2.685e-02 9.402e-01 -6.349e-02
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161.00 2.501e-02 9.475e-01 -6.090e-02
162.00 2.354e-02 9.543e-01 -5.805e-02
163.00 2.183e-02 9.610e-01 -5.523e-02
164.00 2.027e-02 9.675e-01 -5.235e-02
165.00 1.872e-02 9.736e-01 -4.949e-02
166.00 1.712e-02 9.792e-01 -4.654e-02
167.00 1.584e-02 9.841e-01 -4.344e-02
168.00 1.443e-02 9.886e-01 -4.035e-02
169.00 1.273e-02 9.926e-01 -3.718e-02
170.00 1.124e-02 9.961e-01 -3.400e-02
171.00 9.947e-03 9.990e-01 -3.077e-02
172.00 8.525e-03 1.001e+00 -2.748e-02
173.00 7.407e-03 1.003e+00 -2.415e-02
174.00 6.116e-03 1.005e+00 -2.083e-02
175.00 4.961e-03 1.006e+00 -1.742e-02
176.00 3.791e-03 1.008e+00 -1.396e-02
177.00 2.741e-03 1.008e+00 -1.052e-02
178.00 1.868e-03 1.009e+00 -7.015e-03
179.00 9.898e-04 1.009e+00 -3.489e-03
180.00 6.017e-05 1.009e+00 1.213e-05
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Appendix B
Open Loop Intensity Time History
Table B.1: Open loop intensity time history for 3D refractive hemisphere
Time [sec] Intensity [W/m2]
0.00000000 1.68559513e+09
0.00037501 1.68282527e+09
0.00075002 1.67896655e+09
0.00112503 1.67435325e+09
0.00150004 1.66900162e+09
0.00187505 1.66292568e+09
0.00225006 1.65614379e+09
0.00262507 1.64867553e+09
0.00300008 1.64054291e+09
0.00337508 1.63177054e+09
0.00375009 1.62238281e+09
0.00412510 1.61240579e+09
0.00450011 1.60186935e+09
0.00487512 1.59080022e+09
0.00525013 1.57922684e+09
0.00562514 1.56718596e+09
0.00600015 1.55470270e+09
0.00637516 1.54263858e+09
0.00675017 1.53088919e+09
0.00712518 1.51882237e+09
0.00750019 1.50645818e+09
0.00787520 1.49383225e+09
0.00825021 1.48096403e+09
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0.00862522 1.46789040e+09
0.00900023 1.45463058e+09
0.00937523 1.44286337e+09
0.00975024 1.43166344e+09
0.01012525 1.42035753e+09
0.01050026 1.40897419e+09
0.01087527 1.39752818e+09
0.01125028 1.38604015e+09
0.01162529 1.37567183e+09
0.01200030 1.36600428e+09
0.01237531 1.35635444e+09
0.01275032 1.34674170e+09
0.01312533 1.33718948e+09
0.01350034 1.32887380e+09
0.01387535 1.32209323e+09
0.01425036 1.31542100e+09
0.01462537 1.30888103e+09
0.01500038 1.30249067e+09
0.01537538 1.29834940e+09
0.01575039 1.29477992e+09
0.01612540 1.29142040e+09
0.01650041 1.28829548e+09
0.01687542 1.28696664e+09
0.01725043 1.28671350e+09
0.01762544 1.28678400e+09
0.01800045 1.28721340e+09
0.01837546 1.29012515e+09
0.01875047 1.29407234e+09
0.01912548 1.29850211e+09
0.01950049 1.30383263e+09
0.01987550 1.31192284e+09
0.02025051 1.32069305e+09
0.02062552 1.33019414e+09
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0.02100053 1.34243840e+09
0.02137553 1.35642767e+09
0.02175054 1.37144485e+09
0.02212555 1.38855014e+09
0.02250056 1.40829818e+09
0.02287557 1.42944137e+09
0.02325058 1.45284718e+09
0.02362559 1.48001336e+09
0.02400060 1.50911571e+09
0.02437561 1.54082186e+09
0.02475062 1.57647706e+09
0.02512563 1.61475720e+09
0.02550064 1.65681742e+09
0.02587565 1.70407955e+09
0.02625066 1.75501928e+09
0.02662567 1.81102638e+09
0.02700068 1.87272507e+09
0.02737568 1.93952830e+09
0.02775069 2.01409411e+09
0.02812570 2.09600989e+09
0.02850071 2.18524931e+09
0.02887572 2.28409729e+09
0.02925073 2.39215842e+09
0.02962574 2.51109581e+09
0.03000075 2.64263546e+09
0.03037576 2.78734199e+09
0.03075077 2.94870064e+09
0.03112578 3.12755607e+09
0.03150079 3.32624193e+09
0.03187580 3.54833788e+09
0.03225081 3.79581914e+09
0.03262582 4.07269358e+09
0.03300083 4.38305728e+09
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0.03337583 4.73183045e+09
0.03375084 5.12496929e+09
0.03412585 5.56955928e+09
0.03450086 6.07343292e+09
0.03487587 6.64708332e+09
0.03525088 7.29961704e+09
0.03562589 8.04516177e+09
0.03600090 8.90217167e+09
0.03637591 9.88803562e+09
0.03675092 1.10319943e+10
0.03712593 1.23549281e+10
0.03750094 1.39019892e+10
0.03787595 1.57161695e+10
0.03825096 1.78569103e+10
0.03862597 2.03965997e+10
0.03900098 2.34177496e+10
0.03937598 2.70525971e+10
0.03975099 3.14137344e+10
0.04012600 3.67336403e+10
0.04050101 4.32408851e+10
0.04087602 5.12986961e+10
0.04125103 6.13692697e+10
0.04162604 7.40905935e+10
0.04200105 9.03763390e+10
0.04237606 1.11509955e+11
0.04275107 1.39270031e+11
0.04312608 1.76208909e+11
0.04350109 2.26304707e+11
0.04387610 2.94944277e+11
0.04425111 3.91465434e+11
0.04462612 5.30460564e+11
0.04500113 7.35468903e+11
0.04537613 1.04565935e+12
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0.04575114 1.52719191e+12
0.04612615 2.29229021e+12
0.04650116 3.52822973e+12
0.04687617 5.48710903e+12
0.04725118 8.37735129e+12
0.04762619 1.20489645e+13
0.04800120 1.57361004e+13
0.04837621 1.85226011e+13
0.04875122 2.01621921e+13
0.04912623 2.09804444e+13
0.04950124 2.13572906e+13
0.04987625 2.15280909e+13
0.05025126 2.16087317e+13
0.05062627 2.16510319e+13
0.05100128 2.16772306e+13
0.05137628 2.16967053e+13
0.05175129 2.17133793e+13
0.05212630 2.17288877e+13
0.05250131 2.17439108e+13
0.05287632 2.17587312e+13
0.05325133 2.17734661e+13
0.05362634 2.17881641e+13
0.05400135 2.18028454e+13
0.05437636 2.18175183e+13
0.05475137 2.18321863e+13
0.05512638 2.18468508e+13
0.05550139 2.18615124e+13
0.05587640 2.18761714e+13
0.05625141 2.18908278e+13
0.05662642 2.19054816e+13
0.05700143 2.19201330e+13
0.05737643 2.19347819e+13
0.05775144 2.19494283e+13
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0.05812645 2.19640723e+13
0.05850146 2.19787137e+13
0.05887647 2.19933527e+13
0.05925148 2.20079893e+13
0.05962649 2.20226233e+13
0.06000150 2.20372549e+13
0.06037651 2.20518841e+13
0.06075152 2.20665108e+13
0.06112653 2.20811350e+13
0.06150154 2.20957568e+13
0.06187655 2.21103761e+13
0.06225156 2.21249930e+13
0.06262657 2.21396075e+13
0.06300158 2.21542195e+13
0.06337658 2.21688290e+13
0.06375159 2.21834362e+13
0.06412660 2.21980408e+13
0.06450161 2.22126431e+13
0.06487662 2.22272429e+13
0.06525163 2.22418403e+13
0.06562664 2.22564353e+13
0.06600165 2.22710279e+13
0.06637666 2.22856180e+13
0.06675167 2.23002057e+13
0.06712668 2.23147910e+13
0.06750169 2.23293739e+13
0.06787670 2.23439544e+13
0.06825171 2.23585325e+13
0.06862672 2.23731082e+13
0.06900173 2.23876814e+13
0.06937673 2.24022523e+13
0.06975174 2.24168208e+13
0.07012675 2.24313868e+13
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0.07050176 2.24459505e+13
0.07087677 2.24605118e+13
0.07125178 2.24750707e+13
0.07162679 2.24896272e+13
0.07200180 2.25041813e+13
0.07237681 2.25187331e+13
0.07275182 2.25332824e+13
0.07312683 2.25478294e+13
0.07350184 2.25623741e+13
0.07387685 2.25769163e+13
0.07425186 2.25914562e+13
0.07462687 2.26059937e+13
0.07500188 2.26205288e+13
0.07537688 2.26350616e+13
0.07575189 2.26495920e+13
0.07612690 2.26641201e+13
0.07650191 2.26786458e+13
0.07687692 2.26931692e+13
0.07725193 2.27076902e+13
0.07762694 2.27222088e+13
0.07800195 2.27367251e+13
0.07837696 2.27512391e+13
0.07875197 2.27657507e+13
0.07912698 2.27802600e+13
0.07950199 2.27947669e+13
0.07987700 2.28092715e+13
0.08025201 2.28237738e+13
0.08062702 2.28382737e+13
0.08100203 2.28527714e+13
0.08137703 2.28672666e+13
0.08175204 2.28817596e+13
0.08212705 2.28962503e+13
0.08250206 2.29107386e+13
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0.08287707 2.29252246e+13
0.08325208 2.29397083e+13
0.08362709 2.29541897e+13
0.08400210 2.29686687e+13
0.08437711 2.29831455e+13
0.08475212 2.29976199e+13
0.08512713 2.30120921e+13
0.08550214 2.30265619e+13
0.08587715 2.30410295e+13
0.08625216 2.30554947e+13
0.08662717 2.30699577e+13
0.08700218 2.30844184e+13
0.08737718 2.30988767e+13
0.08775219 2.31133328e+13
0.08812720 2.31277866e+13
0.08850221 2.31422381e+13
0.08887722 2.31566874e+13
0.08925223 2.31711343e+13
0.08962724 2.31855790e+13
0.09000225 2.32000214e+13
0.09037726 2.32144615e+13
0.09075227 2.32288994e+13
0.09112728 2.32433350e+13
0.09150229 2.32577683e+13
0.09187730 2.32721994e+13
0.09225231 2.32866282e+13
0.09262732 2.33010547e+13
0.09300233 2.33154790e+13
0.09337733 2.33299010e+13
0.09375234 2.33443208e+13
0.09412735 2.33587383e+13
0.09450236 2.33731536e+13
0.09487737 2.33875666e+13
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0.09525238 2.34019774e+13
0.09562739 2.34163859e+13
0.09600240 2.34307922e+13
0.09637741 2.34451962e+13
0.09675242 2.34595980e+13
0.09712743 2.34739976e+13
0.09750244 2.34883950e+13
0.09787745 2.35027901e+13
0.09825246 2.35171830e+13
0.09862747 2.35315736e+13
0.09900248 2.35459621e+13
0.09937748 2.35603483e+13
0.09975249 2.35747323e+13
0.10012750 2.35842245e+13
0.10050251 2.35842245e+13
0.10087752 2.35842245e+13
0.10125253 2.35842245e+13
0.10162754 2.35842245e+13
0.10200255 2.35842245e+13
0.10237756 2.35842245e+13
0.10275257 2.35842245e+13
0.10312758 2.35842245e+13
0.10350259 2.35842245e+13
0.10387760 2.35842245e+13
0.10425261 2.35842245e+13
0.10462762 2.35842245e+13
0.10500263 2.35842245e+13
0.10537763 2.35842245e+13
0.10575264 2.35842245e+13
0.10612765 2.35842245e+13
0.10650266 2.35842245e+13
0.10687767 2.35842245e+13
0.10725268 2.35842245e+13
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0.10762769 2.35842245e+13
0.10800270 2.35842245e+13
0.10837771 2.35842245e+13
0.10875272 2.35842245e+13
0.10912773 2.35842245e+13
0.10950274 2.35842245e+13
0.10987775 2.35842245e+13
0.11025276 2.35842245e+13
0.11062777 2.35842245e+13
0.11100278 2.35842245e+13
0.11137778 2.35842245e+13
0.11175279 2.35842245e+13
0.11212780 2.35842245e+13
0.11250281 2.35842245e+13
0.11287782 2.35842245e+13
0.11325283 2.35842245e+13
0.11362784 2.35842245e+13
0.11400285 2.35842245e+13
0.11437786 2.35842245e+13
0.11475287 2.35842245e+13
0.11512788 2.35842245e+13
0.11550289 2.35842245e+13
0.11587790 2.35842245e+13
0.11625291 2.35842245e+13
0.11662792 2.35842245e+13
0.11700293 2.35842245e+13
0.11737793 2.35842245e+13
0.11775294 2.35842245e+13
0.11812795 2.35842245e+13
0.11850296 2.35842245e+13
0.11887797 2.35842245e+13
0.11925298 2.35842245e+13
0.11962799 2.35842245e+13
Continued on next page
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Table B.1 – continued from previous page
Time [sec] Intensity [W/m2]
0.12000300 2.35842245e+13
0.12037801 2.35842245e+13
0.12075302 2.35842245e+13
0.12112803 2.35842245e+13
0.12150304 2.35842245e+13
0.12187805 2.35842245e+13
0.12225306 2.35842245e+13
0.12262807 2.35842245e+13
0.12300308 2.35842245e+13
0.12337808 2.35842245e+13
0.12375309 2.35842245e+13
0.12412810 2.35842245e+13
0.12450311 2.35842245e+13
0.12487812 2.35842245e+13
0.12525313 2.35842245e+13
0.12562814 2.35842245e+13
0.12600315 2.35842245e+13
0.12637816 2.35842245e+13
0.12675317 2.35842245e+13
0.12712818 2.35842245e+13
0.12750319 2.35842245e+13
0.12787820 2.35842245e+13
0.12825321 2.35842245e+13
0.12862822 2.35842245e+13
0.12900323 2.35842245e+13
0.12937823 2.35842245e+13
0.12975324 2.35842245e+13
0.13012825 2.35842245e+13
0.13050326 2.35842245e+13
0.13087827 2.35842245e+13
0.13125328 2.35842245e+13
0.13162829 2.35842245e+13
0.13200330 2.35842245e+13
Continued on next page
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Table B.1 – continued from previous page
Time [sec] Intensity [W/m2]
0.13237831 2.35842245e+13
0.13275332 2.35842245e+13
0.13312833 2.35842245e+13
0.13350334 2.35842245e+13
0.13387835 2.35842245e+13
0.13425336 2.35842245e+13
0.13462837 2.35842245e+13
0.13500338 2.35842245e+13
0.13537838 2.35842245e+13
0.13575339 2.35842245e+13
0.13612840 2.35842245e+13
0.13650341 2.35842245e+13
0.13687842 2.35842245e+13
0.13725343 2.35842245e+13
0.13762844 2.35842245e+13
0.13800345 2.35842245e+13
0.13837846 2.35842245e+13
0.13875347 2.35842245e+13
0.13912848 2.35842245e+13
0.13950349 2.35842245e+13
0.13987850 2.35842245e+13
0.14025351 2.35842245e+13
0.14062852 2.35842245e+13
0.14100353 2.35842245e+13
0.14137853 2.35842245e+13
0.14175354 2.35842245e+13
0.14212855 2.35842245e+13
0.14250356 2.35842245e+13
0.14287857 2.35842245e+13
0.14325358 2.35842245e+13
0.14362859 2.35842245e+13
0.14400360 2.35842245e+13
0.14437861 2.35842245e+13
Continued on next page
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Table B.1 – continued from previous page
Time [sec] Intensity [W/m2]
0.14475362 2.35842245e+13
0.14512863 2.35842245e+13
0.14550364 2.35842245e+13
0.14587865 2.35842245e+13
0.14625366 2.35842245e+13
0.14662867 2.35842245e+13
0.14700368 2.35842245e+13
0.14737868 2.35842245e+13
0.14775369 2.35842245e+13
0.14812870 2.35842245e+13
0.14850371 2.35842245e+13
0.14887872 2.35842245e+13
0.14925373 2.35842245e+13
0.14962874 2.35842245e+13
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Appendix C
MATLAB Simulation Files
This appendix contains some of the MATLAB codes that were used in this research.
C.1 2D Rolling semicylinder
C.1.1 SemiCyld_Main_Simulation_File.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file simulates the dynamic repsonse of a 2D rolling
6 %%%%%% semi-cylindrical rod influenced by radiation pressure forces
7 %%%%%% and torque. The rod is modelled as rolling without slip. The
8 %%%%%% model is simulated using ode45.
9 %%%%%%
10 %%%%%% - Input Files
11 %%%%%% - mirrored or non-mirrored radiation pressure data tables
12 %%%%%% - for this simulation those data tables are in text files
13 %%%%%% mir_trace11refine9.txt and nonmir_trace11refine9.txt
14 %%%%%% respectively
15 %%%%%%
16 %%%%%% - By Dan Schuster, Last Update 7/1/2014
17 %%%%%% - Master's Thesis
18 %%%%%% - Rochester Institute of Techology
19 %%%%%%
20 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
21 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23
24 clc
25 clear
26 close all
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27 fclose('all')
28 format compact
29
30 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
31 %%%%%%
32 %%%%%% Global Variables
33 %%%%%%
34 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
35
36 global r1 r2 m g Icm c_sp Int Angle QScatter QLift QTorque L
37
38 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
39 %%%%%%
40 %%%%%% Cylindrical Rod Parameters
41 %%%%%%
42 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
43 g = 9.81; % gravity [m/s^2]
44 rho = 1060; % material density [kg/m^3]
45 r1 = 2.5*10^-6; % cylinder radius [m]
46 r2 = 4*r1/(3*pi); % distance from center to COM [m]
47 L = 20*r1; % rod length(m)
48 Vol = 0.5*pi*r1^2*L; % Volume, [m^3]
49 m = rho*Vol; % mass of semicylinder [kg]
50 Icm = (0.5 - 16/(9*pi^2))*m*r1^2; % Mass Moment of Inertia about COM ...
[kg*m^2]
51 Int = 2*10^6; % Light Laser Intensity [W/m^2]
52 c_sp = 3*10^8; % Speed of Light [m/s]
53
54 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
55 %%%%%%
56 %%%%%% Load Radiaiton Pressure Efficiency Table
57 %%%%%%
58 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
59 Dat = load('2D_Mir_Data.txt'); % Mirrored Efficiency Data Table
60
61 Angle = Dat(:,1); % Angle, [deg]
62 QScatter = Dat(:,3); % Efficiency, Scatter
63 QLift = Dat(:,2); % Efficiency, Lift
64 QTorque = Dat(:,4); % Efficiency, Torque
65
66 CF = 0;
67 % Flag for using curvefit efficiencies or data table values,
68 % CF=1 is curvefit, CF=0 is data table
69
70 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
71 %%%%%%
142
72 %%%%%% Initial Conditions
73 %%%%%%
74 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
75 th0 = 5; % Initial Angle of Attack [Deg]
76 thd0 = 0; % Initial angular velocity [rad/s]
77
78 IC = [th0*pi/180,thd0];
79
80 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
81 %%%%%%
82 %%%%%% ODE Simulation
83 %%%%%%
84 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
85 %time span for integration
86 t0 = 0;
87 tf = 0.05;
88
89 %state vector
90 %[theta;theta dot]
91
92 options = odeset('RelTol',1e-8,'AbsTol',1e-8);
93
94 time_vect = linspace(0,tf,200); % Time Vector [s]
95
96 [time, state] = ode45(@deriv_2D_semicyld,time_vect,IC,options);
97
98 th = state(:,1)*180/pi; % Angular Position(Angle of Attack) [Deg]
99 thd = state(:,2); % Angular Velocity [rad/sec]
C.1.2 deriv_2D_semicyld.m
1 function [statedot] = deriv_2D_semicyld(time,state)
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 %%%%%%
6 %%%%%% - This file contains the derivative of the state vector for the
7 %%%%%% 2D rolling semicylinder. This function is used within ode45 to
8 %%%%%% numerically simulate the systemThe equations of motion are
9 %%%%%% found analytically and defined herein
10 %%%%%%
11 %%%%%% - Input Variables
12 %%%%%% - time
13 %%%%%% - state = state vector of variables
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14 %%%%%%
15 %%%%%% - Output Variables
16 %%%%%% - statedot = derivative of state vector
17 %%%%%%
18 %%%%%%
19 %%%%%% - By Dan Schuster, Last Update 7/1/2014
20 %%%%%% - Master's Thesis
21 %%%%%% - Rochester Institute of Techology
22 %%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
26
27
28 global r1 r2 m g Icm c_sp Int Angle QScatter QLift QTorque L CF
29
30 th = state(1);
31 thd = state(2);
32
33 if CF == 1
34 % Curvefit Efficiencies for Mirrored Rod
35
36 tht = abs(th); % angle of attack [rad]
37
38 % Lift Curvefit Function
39 p1 = -0.4606;
40 p2 = 1.123;
41 p3 = 0.2592;
42 p4 = -1.524;
43 p5 = 0;
44 QL = p1*tht.^4 + p2*tht.^3 + p3*tht.^2 + p4*tht + p5;
45
46 % Scatter Curvefit Function
47 p1 = 0.8461;
48 p2 = -1.931;
49 p3 = 0.01895;
50 p4 = 1.572;
51 QS = p1*tht.^3 + p2*tht.^2 + p3*tht + p4;
52
53 % Torque Curvefit Function
54 p1 = 0.05134;
55 p2 = -0.2179;
56 p3 = 0.2184;
57 p4 = 0.09019;
58 p5 = -0.02459;
59 p6 = 0;
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60 QTz = p1*tht.^5 + p2*tht.^4 + p3*tht.^3 + p4*tht.^2 + p5*tht + p6;
61
62 else
63 % Data Table Efficiencies
64
65 tht = abs(th*180/pi); % angle of attack [deg]
66
67 % Get absoltue angle of attack for interpolation
68 % of radiation pressure efficiencies
69
70 QS = interp1(Angle,QScatter,tht); % Scatter Efficiency
71 QL = interp1(Angle,QLift,tht); % Lift Efficiency
72 QTz = interp1(Angle,QTorque,tht); % Torque Efficiency
73
74 end
75
76 Fs = (2*QS*Int*L*r1)/c_sp; % Radiation scatter force [N]
77 Fl = (2*QL*Int*L*r1)/c_sp; % Radiation lift force [N]
78 Tz = (2*QTz*Int*L*r1^2)/c_sp; % Radiation torque [N-m]
79
80 thdd = (Tz*sign(th) + r2*sin(th)*(Fs - m*g - m*r1*thd^2) +...
81 Fl*sign(th)*(r2*cos(th)-r1))...
82 /(Icm + m*(r2^2 + r1^2 -2*r2*r1*cos(th)));
83
84 statedot = [thd;thdd];
85
86 end
C.1.3 Bi f urcation_Mirror.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file finds the equillibrium points for the 2D rolling
6 %%%%%% semi-cylindrical rod influenced by radiation pressure. These
7 %%%%%% equillibrium points are used to generate a bifurcation plot for
8 %%%%%% the system. The equillibrium points are found numerically using
9 %%%%%% the method of false position
10 %%%%%%
11 %%%%%% - Input Files
12 %%%%%% - mirrored or non-mirrored radiation pressure data tables
13 %%%%%% - for this simulation those data tables are in text files
14 %%%%%% mir_trace11refine9.txt and nonmir_trace11refine9.txt
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15 %%%%%% respectively
16 %%%%%%
17 %%%%%% - By Dan Schuster, Last Update 7/1/2014
18 %%%%%% - Master's Thesis
19 %%%%%% - Rochester Institute of Techology
20 %%%%%%
21 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24
25 clc
26 clear
27 close all
28 fclose('all')
29 format compact
30
31 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
32 %%%%%%
33 %%%%%% Global Variables
34 %%%%%%
35 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
36
37 global r1 r2 m g Icm c_sp I Angle QScatter QLift QTorque L
38
39 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
40 %%%%%%
41 %%%%%% Cylindrical Rod Parameters
42 %%%%%%
43 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
44 g = 9.81; % gravity [m/s^2]
45 rho = 1060; % material density [kg/m^3]
46 r1 = 2.5*10^-6; % cylinder radius [m]
47 r2 = 4*r1/(3*pi); % distance from center to COM [m]
48 L = 20*r1; % rod length(m)
49 Vol = 0.5*pi*r1^2*L; % Volume, [m^3]
50 m = rho*Vol; % mass of semicylinder [kg]
51 Icm = (0.5 - 16/(9*pi^2))*m*r1^2; % Mass Moment of Inertia about COM ...
[kg*m^2]
52 c_sp = 3*10^8; % Speed of Light [m/s]
53
54 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
55 %%%%%%
56 %%%%%% Load Radiaiton Pressure Efficiency Table
57 %%%%%%
58 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
59 Dat = load('2D_Mir_Data.txt'); % Mirrored Efficiency Data Table
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60
61 Angle = Dat(:,1); % Angle, [deg]
62 QScatter = Dat(:,3); % Efficiency, Scatter
63 QLift = Dat(:,2); % Efficiency, Lift
64 QTorque = Dat(:,4); % Efficiency, Torque
65
66 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
67 %%%%%%
68 %%%%%% Intensity Range
69 %%%%%%
70 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
71 I = [0:0.1:10]*10^6; % Intensity Range [W/m^2]
72
73 for w = 1:length(I)
74
75 fprintf('\n **** Intensity Value = %6.4e *****\n',I(w))
76
77 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
78 %%%%%%
79 %%%%%% Equillibrium Parameters
80 %%%%%%
81 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
82
83 th = 0:0.5:90;
84 %%% Range for Theta
85
86 th_eq = zeros(length(th),1);
87
88 for i = 1:length(th)
89
90 tht = abs(th(i)); % angle of attack [deg]
91
92 % Get absoltue angle of attack for interpolation
93 % of radiation pressure efficiencies
94
95 QS = interp1(Angle,QScatter,tht); % Scatter Efficiency
96 QL = interp1(Angle,QLift,tht); % Lift Efficiency
97 QT = interp1(Angle,QTorque,tht); % Torque Efficiency
98
99 Fs(i,1) = (2*QS*I(w)*L*r1)/c_sp; % Scatter Force [N]
100 Fl(i,1) = (2*QL*I(w)*L*r1)/c_sp; % Lift Force [N]
101 Tz(i,1) = (2*QT*I(w)*L*r1^2)/c_sp; % Torque [N-m]
102
103 thd = 0; % Set angular vel = 0
104
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105 th_eq(i) = (Tz(i)*sign(th(i)*(pi/180)) + ...
r2*sin(th(i)*(pi/180))*(Fs(i) - m*g - m*r1*thd^2) +...
106 Fl(i)*sign(th(i)*(pi/180))*(r2*cos(th(i)*(pi/180))-r1))/(Icm ...
+ m*(r2^2 + r1^2 -2*r2*r1*cos(th(i)*(pi/180))));
107 %%% Equation used to find root, theta_dd = F(th) = 0
108
109 end
110
111 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
112 %%%%%%
113 %%%%%% Root Find for Equillibrium Point
114 %%%%%%
115 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
116 num = 0;
117 j = 1;
118
119 %%%% Find Rough point where F(th) crosses axis for initial guess
120 for i = 2:length(th_eq)
121
122 if sign(th_eq(i)) == sign(th_eq(i-1))
123
124 else
125
126 num(j) = i;
127 j = j + 1;
128
129 end
130
131 end
132
133 %%%%% Main Computation Loop for Given Intensity to Find Root
134 for j = 1:length(num(:))
135
136 if num , 0;
137
138 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
139 %%%%%% False Position Method
140 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
141 %%% Initial Guess at Bound
142 xu = 1.001*th(num(j))*pi/180;
143 xl = 0.999*th(num(j))*pi/180;
144
145
146 AbsErr = 1;
147 %%% Initial Error
148
148
149 i = 0;
150
151 while AbsErr ≥ 10e-10
152
153 i = i+1;
154
155 % Upper Bound
156 QSu = interp1(Angle,QScatter,xu*180/pi);
157 QLu = interp1(Angle,QLift,xu*180/pi);
158 QTzu = interp1(Angle,QTorque,xu*180/pi);
159
160 % Lower Bound
161 QSl = interp1(Angle,QScatter,xl*180/pi);
162 QLl = interp1(Angle,QLift,xl*180/pi);
163 QTzl = interp1(Angle,QTorque,xl*180/pi);
164
165 Flu = (2*QLu*I(w)*L*r1)/c_sp; %% Upper Bound Lift ...
Force [N]
166 Fsu = (2*QSu*I(w)*L*r1)/c_sp; %% Upper Bound Scatter [N]
167 Tzu = (2*QTzu*I(w)*L*r1^2)/c_sp; %% Upper Bound Torque ...
[N-m]
168
169 Fll = (2*QLl*I(w)*L*r1)/c_sp; %% Lower Bound Lift [N]
170 Fsl = (2*QSl*I(w)*L*r1)/c_sp; %% Lower Bound Scatter [N]
171 Tzl = (2*QTzl*I(w)*L*r1^2)/c_sp; %% Lower Bound Torque [N-m]
172
173 F_upper = (Tzu + r2*sin(xu)*(Fsu - m*g) + ...
Flu*(r2*cos(xu)-r1));
174 %%% Function evaluated at upper bound
175
176 F_lower = (Tzl + r2*sin(xl)*(Fsl - m*g) + ...
Fll*(r2*cos(xl)-r1));
177 %%% Function evaluated at lower bound
178
179 xroot = xu - (F_upper*(xl-xu))/(F_lower - F_upper);
180 %%% Root
181
182 %%% Evaluate Function at root
183 QSr = interp1(Angle,QScatter,xroot*180/pi);
184 QLr = interp1(Angle,QLift,xroot*180/pi);
185 QTzr = interp1(Angle,QTorque,xroot*180/pi);
186
187
188 Flr = (2*QLr*I(w)*L*r1)/c_sp; %% Upper Bound Lift ...
Force [N]
189 Fsr = (2*QSr*I(w)*L*r1)/c_sp; %% Upper Bound Scatter [N]
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190 Tzr = (2*QTzr*I(w)*L*r1^2)/c_sp; %% Upper Bound Torque ...
[N-m]
191
192 F_root(i) = (Tzr + r2*sin(xroot)*(Fsr - m*g) + ...
Flr*(r2*cos(xroot)-r1));
193
194 %%% Reassign New Roots
195 if sign(F_root(i)) == sign(F_lower)
196
197 xl = xroot;
198
199 else
200
201 xu = xroot;
202
203 end
204
205 AbsErr = abs(F_root(i));
206
207 end
208
209 XRoot(j) = xroot;
210
211
212 Results(j+1,w) = XRoot(j)*180/pi;
213
214 else
215
216 Results(j+1,w) = 0;
217
218 end
219
220 end
221
222 Results(1,w) = I(w);
223
224 end
225
226 plot(I,Results(2:end,:),'.')
227 hold on
228 plot(I,-Results(2:end,:),'.')
229 xlabel('Intensity [w/m^2]')
230 ylabel('Equillibrium Angle')
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C.1.4 D_E_Parameter_Curves.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file calculates the stability curves for the
6 %%%%%% Mathieu equation. It uses complex notation approach from
7 %%%%%% Non-Linear Oscillations - Nayfeh 1972.
8 %%%%%%
9 %%%%%% - Note this derivation assumes Matheiu's Equation has the
10 %%%%%% form of x" + (∆ + 2*epsilon*cos(2*t))x = 0
11 %%%%%%
12 %%%%%% - By Dan Schuster, Last Update 7/1/2014
13 %%%%%% - Master's Thesis
14 %%%%%% - Rochester Institute of Techology
15 %%%%%%
16 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
17 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
18 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
19
20 clc
21 clear
22 format long
23 format compact
24 close all
25
26 %%% Epsilon Value
27 e = -60:0.05:60;
28
29 %%% Nth order Approximation of Matrix
30 N = 20;
31
32 im = sqrt(-1);
33
34 for i = 1:length(e)
35
36 %%% Form Hill's Infinite Matrix for Lambda = 0
37 L = 0;
38
39 A(1,1:2) = [(L+2*(-N)*im)^2 e(i)];
40 A(2*N+1,2*N:2*N+1) = [e(i) (L+2*(N)*im)^2];
41
42 k=1;
43
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44 for j = -(N-1):1:N-1
45
46 k=k+1;
47 A(k,k-1:k+1) = [e(i) (L+2*im*j)^2 e(i)];
48
49 end
50
51 %%% Form Hill's Infinite Matrix for Lambda = +/- sqrt(-1)
52 L = im;
53
54 B(1,1:2) = [(L+2*(-N)*im)^2 e(i)];
55 B(2*N+1,2*N:2*N+1) = [e(i) (L+2*(N)*im)^2];
56
57 k=1;
58
59 for j = -(N-1):1:N-1
60
61 k=k+1;
62 B(k,k-1:k+1) = [e(i) (L+2*im*j)^2 e(i)];
63
64 end
65
66 %%% Calculate corresponding ∆ value for given epsilon along
67 %%% transition curves via an eigenvalue problem, |-A(e) - d*I|
68 c1(i,:) = eig(-A);
69 c2(i,:) = eig(-B);
70
71
72 end
73
74 F1=figure(1)
75 plot(e,c1,'k','linewidth',2)
76 hold on
77 plot(e,c2,'k','linewidth',2)
78 axis([-10 0 -5 10])
79 ylabel('$\∆$ ','interpreter','latex')
80 xlabel('$\epsilon$ ','interpreter','latex')
C.1.5 Stability_Curves_Int_Omega.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
152
5 %%%%%% - This m file generates the stability curves from the Mathieu
6 %%%%%% equation in terms of system variables, Io and Omega from the
7 %%%%%% mathieu parameters ∆ and epsilon. Delta and epsilon curves are
8 %%%%%% formed using hill inf determinant and complex notation(Nayfeh ...
1972)
9 %%%%%% These values of ∆ and epsilon are then used to get Io-w curves
10 %%%%%%
11 %%%%%% - Note this derivation assumes Matheiu's Equation has the
12 %%%%%% form of x" + (∆ + 2*epsilon*cos(2*t))x = 0
13 %%%%%%
14 %%%%%% - By Dan Schuster, Last Update 7/1/2014
15 %%%%%% - Master's Thesis
16 %%%%%% - Rochester Institute of Techology
17 %%%%%%
18 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
19 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
20 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
21
22 clc
23 clear
24 format long
25 format compact
26 close all
27
28 %%% Epsilon Value
29 e = -1600:5:-50;
30 ee = -50:0.5:-2;
31 eee = -2:0.01:-0.1;
32 eeee = -0.1:0.0005:0;
33 e(length(e):length(ee)+length(e)-1) = ee;
34 e(length(e):length(eee)+length(e)-1) = eee;
35 e(length(e):length(eeee)+length(e)-1) = eeee;
36
37 %%% Nth order Approximation of Matrix
38 N = 15;
39
40 im = sqrt(-1);
41
42 for i = 1:length(e)
43 i
44 %%% Form Hill's Infinite Matrix for Lambda = 0
45 L = 0;
46
47 A(1,1:2) = [(L+2*(-N)*im)^2 e(i)];
48 A(2*N+1,2*N:2*N+1) = [e(i) (L+2*(N)*im)^2];
49
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50 k=1;
51
52 for j = -(N-1):1:N-1
53
54 k=k+1;
55 A(k,k-1:k+1) = [e(i) (L+2*im*j)^2 e(i)];
56
57 end
58
59 %%% Form Hill's Infinite Matrix for Lambda = +/- sqrt(-1)
60 L = im;
61
62 B(1,1:2) = [(L+2*(-N)*im)^2 e(i)];
63 B(2*N+1,2*N:2*N+1) = [e(i) (L+2*(N)*im)^2];
64
65 k=1;
66
67 for j = -(N-1):1:N-1
68
69 k=k+1;
70 B(k,k-1:k+1) = [e(i) (L+2*im*j)^2 e(i)];
71
72 end
73
74 %%% Calculate corresponding ∆ value for given epsilon along
75 %%% transition curves via an eigenvalue problem, |-A(e) - d*I|
76 d1 = eig(-A);
77 d2 = eig(-B);
78
79 D(i,1:length(d1)) = d1;
80 D(i,length(d1)+1:length(d1)+length(d2)) = d2;
81
82 end
83
84 %% Get Io-w curves from ∆ epsilon curves
85
86 g = 9.81; %% gravity [m/s^2]
87 rho = 1060; %% Density [kg/m^3]
88 r1 = 2.5*10^-6; %% radius [m]
89 r2 = 4*r1/(3*pi); %% dist from center to COM [m]
90 L = 20*r1; %% length(m)
91 Vol = 0.5*pi*r1^2*L; %% Volume, [m^3]
92 m = rho*Vol; %% mass of semi circle [kg]
93 Icm = (0.5 - 16/(9*pi^2))*m*r1^2; %% Mass Moment of Inertia about COM ...
[kg*m^2]
94 c = 3*10^8; %% Speed of Light [m/s]
154
95
96 %%% Curvefit coefficients for mirrored rod
97 a4 = -1.524;
98 b4 = 1.572;
99 c5 = -0.02459;
100
101 %%% Alpha and Beta
102 A = (2*L/c)*(a4*(r1^2-r1*r2) - c5*r1^2 - b4*r1*r2)/(Icm + m*(r1-r2)^2);
103 B = r2*m*g/(Icm + m*(r1-r2)^2);
104
105 %%% Critical Intensity
106 Ic = -B/A;
107
108 q=1;
109
110 w=zeros(length(D(1,:)),length(D(:,1)));
111 Io=zeros(length(D(1,:)),length(D(:,1)));
112
113 for i = 1:length(D(1,:))
114 i
115 for j = 1:length(D(:,1))
116
117 M = [D(j,i) -4*A;e(j) -2*A];
118 C = [4*B 0]';
119 Var = M\C;
120
121 w(j,i) = sqrt(Var(1));
122
123 Io(j,i) = Var(2);
124
125 end
126
127 end
128
129 %% Plotting and Figures
130 F1=figure(1)
131 hold on
132
133 plot(w/sqrt(B),Io/Ic,'k','linewidth',3)
134
135 hold on
136 ylabel('Normalized Intensity, ...
$I_o/I_{crit}$','interpreter','latex','fontsize',30)
137 xlabel('Normalized Log Frequency, ...
$\omega/\omega_g$','interpreter','latex','fontsize',30)
138 axis([100/sqrt(B) 100000/sqrt(B) 0 5*10^6/Ic])
155
139 grid
140 set(gca,'fontsize',20)
141 set(F1,'position',[100 10 1000 700])
142 set(gca,'Xscale','log')
143 set(gcf,'color','w')
144 line([10^1 10^5]/sqrt(B),[1.7*10^6 ...
1.7*10^6]/Ic,'linewidth',3,'linestyle','--','color','r')
C.1.6 SemiCyld_Pulsing_Intensity.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file simulates the linear and nonlnear response of a
6 %%%%%% rolling semicylinder exposed to radiation pressure. The
7 %%%%%% intensity is modulated with an offset cosine wave. The EOM are
8 %%%%%% modelled as a linear analysis(Mathieu Equation) and compared to
9 %%%%%% the full nonlinear model.
10 %%%%%%
11 %%%%%% - Input Files
12 %%%%%% - mirrored or non-mirrored radiation pressure data tables
13 %%%%%% - for this simulation those data tables are in text files
14 %%%%%% mir_trace11refine9.txt and nonmir_trace11refine9.txt
15 %%%%%% respectively
16 %%%%%%
17 %%%%%% - By Dan Schuster, Last Update 7/1/2014
18 %%%%%% - Master's Thesis
19 %%%%%% - Rochester Institute of Techology
20 %%%%%%
21 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24
25 clc
26 clear
27 close all
28 format compact
29 warning off
30
31 %% Global Variables
32
33 global r1 r2 m g Icm c_sp
34 global Io Is w
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35 global Angle QScatter QLift QTorque L
36
37 %% Cylinder Parameters
38
39 g = 9.81; % gravity [m/s^2]
40
41 rho = 1060;% [kg/m^3]
42 r1 = 2.5*10^-6; % radius [m]
43 r2 = 4*r1/(3*pi); % dist from center to COM [m]
44 L = 20*r1; % length(m)
45 Vol = 0.5*pi*r1^2*L; % Volume, [m^3]
46 m = rho*Vol; % mass of semi circle [kg]
47 Icm = (0.5 - 16/(9*pi^2))*m*r1^2; % Mass Moment of Inertia about COM [kg*m^2]
48
49 %% Pulsing Intensity Parameters, I = Is + Io*cos(omega*t)
50
51 %%% Intensity Amplitude
52 % Int = 3*10^6; % Intensity [W/m^2] set 1
53 Int = 2.22*10^6; %set 2
54
55 Io = Int;
56 Is = Io;
57
58 %%% Intensity Freq
59 % w = 10^3.27; %[rad/s] set1
60 w = 10^3.37; % set2
61
62
63 %%% Curve fit constants
64 a4 = -1.524;
65 b4 = 1.572;
66 c5 = -0.02459;
67
68 c = 3*10^8; % Speed of Light [m/s]
69
70 %%% System Constans, used for ∆ and epsilon parameters
71 A = (2*L/c)*(a4*(r1^2-r1*r2) - c5*r1^2 - b4*r1*r2)/(Icm + m*(r1-r2)^2);
72 B = r2*m*g/(Icm + m*(r1-r2)^2);
73
74 %%% Mathieu Parameters
75 dd = (4*A*Io + 4*B)/w^2; %%% Delta
76
77 ee = (2*A*Io/w^2); %%% Epsilon
78
79
80 %% Radiation Pressure Input
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81
82
83 c_sp = 3*10^8; % Speed of Light [m/s]
84
85
86 %%% Load Rad Pressure LUT
87 Dat = load('2D_Mir_Data.txt'); %% Mirrored
88
89 Angle = Dat(:,1); % Angle
90 QLift = Dat(:,2); % Efficiency, Lift
91 QScatter = Dat(:,3); % Efficiency, Scatter
92 QTorque = Dat(:,4); % Efficiency, Torque
93
94 %%% Initial Conditions
95 th0 = [1]; % Deg
96
97 thd0 = zeros(1,length(th0)); % rad/s
98
99 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
100 %%%%%%
101 %%%%%% Initial Conditions
102 %%%%%%
103 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
104
105 IC = [th0*pi/180,thd0];
106
107 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
108 %%%%%%
109 %%%%%% ODE Simulation
110 %%%%%%
111 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
112 %time span for integration
113
114 t0 = 0;
115 tf = 100;
116
117 %state vector
118 %[theta;theta dot]
119
120 options = odeset('RelTol',1e-7,'AbsTol',1e-7);
121
122 time_vect = linspace(0,tf,2000);
123
124 %% Linearized Simulation(Mathieu)
125 [z, state1] = ode45(@deriv_Cosine_Intensity_Mathieu,time_vect,IC,options);
126
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127 th1(:,1) = state1(:,1)*180/pi; %% Degrees
128 thd1(:,1) = state1(:,2); %% Rad/sec
129
130 %%% Transform Mathieu time coordinates to actual time
131 time1 = 2*z/w;
132
133 %% Non-Linear Simulation
134 t0 = 0;
135 tf = time1(end);
136 time_vect = linspace(0,tf,2000);
137
138 [time2, state2] = ...
ode45(@deriv_Cosine_Intensity_Full_NL,time_vect,IC,options);
139
140 th2(:,1) = state2(:,1)*180/pi; %% Degrees
141 thd2(:,1) = state2(:,2); %% Rad/sec
142
143 %% Figures and Plots
144
145 F1 = figure(1)
146 hold on
147 plot(time1,th1,'linewidth',2,'linestyle','--')
148 plot(time2,th2,'r','linewidth',2)
149 plot(time1,th1,'linewidth',3,'linestyle','--')
150 h = legend('¬Linear','¬Non-Linear¬¬¬')
151 set(h,'interpreter','latex')
152 ylabel('$\theta$ [deg]','interpreter','latex','fontsize',40)
153 xlabel('Time [sec]','interpreter','latex','fontsize',40)
154 grid
155 set(gca,'fontsize',35)
156 set(F1,'position',[10 10 1200 600])
157 set(gcf,'color','w')
158 set(gca,'box','on')
159 set(gca,'linewidth',1.5)
C.1.7 deriv_Cosine_Intensity_Mathieu.m
1 function [statedot] = deriv_Cosine_Intensity_Mathieu(time,state)
2 %%% Derivative file for ode 45. Linear Mathieu Equation
3 %%% - Dan Schuster, RIT Masters Thesis 2013-2014
4 %%%
5
6 global r1 r2 m g Icm c_sp
7 global Io Is w
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8 global Angle QScatter QLift QTorque L
9
10 %% State Variables
11
12 th = state(1);
13 thd = state(2);
14
15 a4 = -1.524;
16 b4 = 1.572;
17 c5 = -0.02459;
18
19 A = (2*L/c_sp)*(a4*(r1^2-r1*r2) - c5*r1^2 - b4*r1*r2)/(Icm + m*(r1-r2)^2);
20 B = r2*m*g/(Icm + m*(r1-r2)^2);
21
22 ∆ = (4*A*Io + 4*B)/w^2;
23
24 epsilon = (2*A*Io/w^2);
25
26 thdd = -(∆ + 2*epsilon*cos(2*time))*th;
27
28 %% State Derivative
29
30 statedot = [thd;thdd];
31
32
33 end
C.1.8 deriv_Cosine_Intensity_Full_N L.m
1 function [statedot] = deriv_Cosine_Intensity_Full_NL(time,state)
2 %%% Derivative fill for full nonlinear intensity modulated rolling
3 %%% semicylinder
4 %%% - Dan Schuster, RIT Masters Thesis 2013-2014
5 %%%
6 global r1 r2 m g Icm c_sp
7 global Io Is w
8 global Angle QScatter QLift QTorque L
9
10 %% State Variables
11
12 th = state(1);
13 thd = state(2);
14
15 I = Io + Io*cos(w*time);
160
16
17 tht = abs(th*180/pi);
18
19 QS = interp1(Angle,QScatter,tht); % Scatter Efficiency
20 QL = interp1(Angle,QLift,tht); % Lift Efficiency
21 QT = interp1(Angle,QTorque,tht); % Torque Efficiency
22
23 Fs = (2*QS*Int*L*r1)/c_sp; % Radiation scatter force [N]
24 Fl = (2*QL*Int*L*r1)/c_sp; % Radiation lift force [N]
25 Tz = (2*QTz*Int*L*r1^2)/c_sp; % Radiation torque [N-m]
26
27 %% Equations of Motion
28
29 thdd = (Tz*sign(th) + r2*sin(th)*(Fs - m*g - m*r1*thd^2) + ...
Fl*sign(th)*(r2*cos(th)-r1))...
30 /(Icm + m*(r2^2 + r1^2 -2*r2*r1*cos(th)));
31
32 %% State Derivative
33
34 statedot = [thd;thdd];
35
36 end
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C.2 3D Hemisphere
C.2.1 Hemi_Sphere_Const_Int.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file contains the simulation for a 3D hemisphere
6 %%%%%% influenced by radiation pressure. The intensity is constant.
7 %%%%%% In this simulation the translational motion is ignored.
8 %%%%%% An animation is generated for example purposes
9 %%%%%%
10 %%%%%% - Input Files
11 %%%%%% - mirrored or non-mirrored radiation pressure data tables
12 %%%%%% - for this simulation the non-mirrored data tables are
13 %%%%%% is in a text file, Hemisphere_noMir_Air_tr11re9.txt
14 %%%%%%
15 %%%%%% - By Dan Schuster, Last Update 7/1/2014
16 %%%%%% - Master's Thesis
17 %%%%%% - Rochester Institute of Techology
18 %%%%%%
19 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
20 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
21 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
22
23 clc
24 clear
25 close all
26 format compact
27 warning off
28 format long
29 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
30 %%%%%%
31 %%%%%% Global Variables
32 %%%%%%
33 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
34
35 global r1 c_sp Iyy Ia A Int Angle Qtz
36
37
38 %%% Initialize Global Variables
39 q=1;
40
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41 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
42 %%%%%%
43 %%%%%% System Parameters
44 %%%%%%
45 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
46
47 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
48 %%%% Hemi-Sphere Parameters %%%%
49 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
50 r1 = 2.5*10^-6; % radius [m]
51 rho = 1060; % Density of Reflective Material [kg/m^3]
52 V = (2/3)*pi*r1^2; % Volume [m^3]
53 m = rho*V; % mass [kg]
54 A = pi*r1^2; % normal cross section area [m^2]
55 Ixx = (83/320)*m*r1^2; % Mass moment of inertia about i4 ...
unit vector(body frame)
56 Iyy = (2/5)*m*r1^2; % Mass moment of inertia about j4 ...
unit vector(body frame)
57 Izz = Ixx; % Mass moment of inertia about k4 ...
unit vector(body frame)
58 Ia = Ixx;
59 Icm = [Ia 0 0;...
60 0 Iyy 0;...
61 0 0 Ia]; % Mass moment of inertia tensor(body ...
frame)
62 Int = 10*10^6; % Laser Intensity [W/m^2]
63 c_sp = 3*10^8; % Speed of Light [m/s]
64
65
66 dat = load('Hemisphere_noMir_Air_tr11re9.txt');
67
68 Angle = dat(:,1);
69 Qfx = dat(:,2);
70 Qfy = dat(:,3);
71 Qtz = dat(:,end);
72 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
73 %%%%%%
74 %%%%%% Hemi-Sphere Initial Conditions
75 %%%%%%
76 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
77
78 th0 = 0*(pi/180); %% Precession Angle [rad]
79 thd0 = 0; %% Precession rate [rad/s]
80 phi0 = 10*(pi/180); %% Nutation Angle (Angle of Attack) [rad]
81 phid0 = 0; %% Nutation Rate [rad/s]
82 psi0 = 0*(pi/180); %% Spin Angle [rad]
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83 psid0 = 0; %% Spin rate [rad/s]
84
85 IC = [th0,thd0,phi0,phid0,psi0,psid0]; % Initial Condition Vector
86
87 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
88 %%%%%%
89 %%%%%% ODE Simulation
90 %%%%%%
91 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
92
93 t0 = 0;
94 tf = 2;
95
96 options = odeset('RelTol',1e-8,'AbsTol',1e-8);
97
98 time_vect = linspace(0,tf,500);
99
100 [time state] = ode45(@Deriv_Hemi,time_vect,IC,options);
101
102 th = state(:,1);
103 thd = state(:,2);
104 phi = state(:,3);
105 phid = state(:,4);
106 psi = state(:,5);
107 psid = state(:,6);
108
109 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
110 %%%%%%
111 %%%%%% Plots and Animation
112 %%%%%%
113 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
114
115 %%% Generate array containing position of j4 unit vector for plotting
116 %%% purposes
117
118 for i=1:length(th)
119
120 %%%%%%-------- Coordinate Frames and Derivs --------%%%%%%
121
122 i1 = [1 0 0]';
123 j1 = [0 1 0]';
124 k1 = [0 0 1]';
125 % initial fixed XYZ frame
126
127 %%% Unit Vectors/coordinates
128 j2 = j1;
164
129 k2 = sin(th(i))*i1 + cos(th(i))*k1;
130 j3 = cos(phi(i))*j2 + sin(phi(i))*k2;
131 j4 = j3;
132
133 rj4cm = [0 0 0]' + 1*r1*j4;
134
135 vec(:,i) = [rj4cm(3) rj4cm(1) rj4cm(2)]';
136 %%% Form Path of Normal of Hemisphere
137 %%% Vectors are stored as (1) being the i1/x direction, (2) = j1/y
138 %%% direction and (3) = k1/z direction
139 end
140
141 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
142 %%% NOTE - X Data is placed in y, Y data is in z, and Z data is in x in
143 %%% plots due to MATLAB's axis orientation and to match this systems
144 %%% schematic this change is needed. Also note that the translational
145 %%% motion in the x, y, and z direction is removed from animation
146 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
147
148 F2 = figure(1);
149
150 % %%% Un Comment to save Video
151 % vidObj = VideoWriter('3D_Hemisphere.avi');
152 % open(vidObj);
153 % %%%% Video Capture
154
155
156 hold on
157 a=1.5;
158 axis([-a*r1 a*r1+ -a*r1 a*r1+ -a*r1 a*r1]); %% Define Axis
159 campos([1.5 2 1.2]); %% Camera Position
160 set(F2, 'Position', [35 35 1100 700]);
161
162 axis equal
163
164 %%% Initialize Lines for animation
165 body1 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color',[1 0.7 0]);
166 body2 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color','g');
167 linkj1 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color','c');
168 link1 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color','k');
169
170 %%% Form vector of lines to form circular animation sections
171 deg = 0:20:360;
172
173 for i = 1:length(deg)
174
165
175 link(i) = line([0 0],[0 0],[0 0],'color','r','linewidth',1.5);
176
177 end
178
179 deg2 = 0:20:180;
180
181 for i = 1:length(deg)
182
183 hemi(i) = line([0 0],[0 0],[0 ...
0],'color','k','linewidth',1.5,'linestyle','--');
184
185 end
186
187 xlabel('Z $[m]$','fontsize',16,'fontweight','bold','interpreter','latex');
188 zlabel('Y $[m]$','fontsize',16,'fontweight','bold','interpreter','latex');
189 ylabel('X $[m]$','fontsize',16,'fontweight','bold','interpreter','latex');
190 set(gca,'fontsize',12,'fontweight','bold');
191 grid
192 title('Micro View of Hemi-Sphere $ ...
$','fontsize',16,'fontweight','bold','interpreter','latex');
193 set(gca,'linewidth',1.5)
194
195 %%% Plot Normal Vector Path
196 plot3(vec(1,1:end),vec(2,1:end),vec(3,1:end),'color','k','linewidth',1.5);
197
198
199 for i = 1:length(th)
200
201 %%%%%%-------- Coordinate Frames and Derivs --------%%%%%%
202
203 i1 = [1 0 0]';
204 j1 = [0 1 0]';
205 k1 = [0 0 1]';
206 % initial fixed XYZ frame
207
208 %%% unit vector/coordinates
209 i2 = cos(th(i))*i1 - sin(th(i))*k1;
210 j2 = j1;
211 k2 = sin(th(i))*i1 + cos(th(i))*k1;
212
213 i3 = i2;
214 j3 = cos(phi(i))*j2 + sin(phi(i))*k2;
215 k3 = -sin(phi(i))*j2 + cos(phi(i))*k2;
216
217 i4 = cos(psi(i))*i3 - sin(psi(i))*k3;
218 j4 = j3;
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219 k4 = sin(psi(i))*i3 + cos(psi(i))*k3;
220
221 %%%%%%-------- R vectors --------%%%%%%
222 rAcm = [0 0 0]';
223
224 rj2cm = rAcm + 2*r1*j2;
225
226 rj1cm = rAcm + r1*j1;
227 rk3cm = rAcm + r1*k3;
228
229 ri4cm = rAcm + 1*r1*i4;
230 rj4cm = rAcm + 1*r1*j4;
231 rk4cm = rAcm + 1*r1*k4;
232
233 %%% Loop to generate Hemi-sphere circle
234 rh(1,:) = ri4cm;
235
236 for j = 2:length(deg)
237
238 ur = cos(deg(j)*pi/180)*i4 - sin(deg(j)*pi/180)*k4;
239
240 rh(j,:) = rAcm + 1*r1*ur;
241
242 set(link(j),'xdata',[rh(j,3) rh(j-1,3)],'ydata',[rh(j,1) ...
rh(j-1,1)],'zdata',[rh(j,2) rh(j-1,2)]);
243
244 end
245
246 %%% Loop to generate hemi-sphere plane for radiation forces/torque
247 rh2(1,:) = rAcm + r1*k3;
248
249 for j = 2:length(deg2)
250
251 ur2 = cos(deg(j)*pi/180)*k3 - sin(deg(j)*pi/180)*j3;
252
253 rh2(j,:) = rAcm + 1*r1*ur2;
254
255 set(hemi(j),'xdata',[rh2(j,3) rh2(j-1,3)],'ydata',[rh2(j,1) ...
rh2(j-1,1)],'zdata',[rh2(j,2) rh2(j-1,2)]);
256
257 end
258
259 % Light Direction Vector
260 set(linkj1,'xdata',[rAcm(3) rj1cm(3)],'ydata',[rAcm(1) ...
rj1cm(1)],'zdata',[rAcm(2) rj1cm(2)]);
261
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262 % Line Across Radiation Pressure Plane
263 set(link1,'xdata',[-rk3cm(3) rk3cm(3)],'ydata',[-rk3cm(1) ...
rk3cm(1)],'zdata',[-rk3cm(2) rk3cm(2)]);
264
265 %%% Body Frame Lines
266 % Spinning body vector
267 set(body1,'xdata',[rAcm(3) ri4cm(3)],'ydata',[rAcm(1) ...
ri4cm(1)],'zdata',[rAcm(2) ri4cm(2)]);
268
269 % Normal Vector
270 set(body2,'xdata',[rAcm(3) rj4cm(3)],'ydata',[rAcm(1) ...
rj4cm(1)],'zdata',[rAcm(2) rj4cm(2)]);
271
272 axis([-1*a*r1 1*a*r1 -1*a*r1 1*a*r1 -1*a*r1 1*a*r1]);
273
274 drawnow
275
276 % %%% Un Comment for Video Capture
277 % % Window Size of Video Capture
278 % rect = [35 50 1100 700];
279 %
280 % % Save Frame
281 % currframe = getframe(F2,rect);
282 %
283 % % Write Frame
284 % writeVideo(vidObj,currframe);
285
286 end
287
288 % %%% Un Comment for Video Capture
289 % % Close Video File
290 % close(vidObj);
C.2.2 Deriv_Hemi.m
1 function [statedot] = Deriv_Hemi(time,state)
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 %%%%%%
6 %%%%%% - This file contains the derivative of the state vector using
7 %%%%%% data table of radiaiton pressure efficiency torque. The
8 %%%%%% intensity is constant.
9 %%%%%%
168
10 %%%%%% - Input Variables
11 %%%%%% - time
12 %%%%%% - state = state vector of variables
13 %%%%%%
14 %%%%%% - Output Variables
15 %%%%%% - statedot = derivative of state vector
16 %%%%%%
17 %%%%%%
18 %%%%%% - By Dan Schuster, Last Update 7/1/2014
19 %%%%%% - Master's Thesis
20 %%%%%% - Rochester Institute of Techology
21 %%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 global r1 c_sp Iyy Ia A Int Angle Qtz
27
28 th = state(1);
29 thd = state(2);
30 phi = state(3);
31 phid = state(4);
32 psi = state(5);
33 psid = state(6);
34
35 %%%%%%-------- Radiation Pressure Angle of Attack --------%%%%%%
36 AngAtck = phi;
37 %%% Angle of attack
38
39 qtz = interp1(Angle,Qtz,AngAtck);
40
41 Tz = sign(phi)*(qtz*Int*A*r1)/c_sp; %% Rad Torque [N-m]
42
43 thdd = phid*(Iyy*(thd*cos(phi)+psid) - 2*thd*Ia*cos(phi))/(Ia*sin(phi));
44 % Precession acceleration
45
46 phidd = (thd*sin(phi)*(Ia*thd*cos(phi) - Iyy*(thd*cos(phi)+psid))+Tz)/Ia;
47 % Nutation acceleration
48
49 psidd = (Ia*thd*phid*(1+cos(phi)^2) - Iyy*phid*cos(phi)*(thd*cos(phi) + ...
psid))/(Ia*sin(phi));
50 % Spin acceleration
51
52 statedot = [thd;...
53 thdd;...
54 phid;...
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55 phidd;...
56 psid;...
57 psidd];
58
59 end
C.2.3 Hemi_Sphere_Pure_Precession.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file contains the simulation for a 3D hemisphere
6 %%%%%% influenced by radiation pressure. The specified iniial
7 %%%%%% conditions result in pure precessional motion. In this
8 %%%%%% simulation the translational motion is ignored. An animation is
9 %%%%%% generated for example purposes. This function also calculates
10 %%%%%% the total system energy showing conservation
11 %%%%%%
12 %%%%%% - Input Files
13 %%%%%% - mirrored or non-mirrored radiation pressure data tables
14 %%%%%% - for this simulation the non-mirrored data tables are
15 %%%%%% is in a text file, Hemisphere_noMir_Air_tr11re9.txt
16 %%%%%%
17 %%%%%% - By Dan Schuster, Last Update 7/1/2014
18 %%%%%% - Master's Thesis
19 %%%%%% - Rochester Institute of Techology
20 %%%%%%
21 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24
25 clc
26 clear
27 close all
28 format compact
29 warning off
30 format long
31 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
32 %%%%%%
33 %%%%%% Global Variables
34 %%%%%%
35 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
36
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37 global r1 c_sp Iyy Ia A Int
38
39
40 %%% Initialize Global Variables
41 q=1;
42
43 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
44 %%%%%%
45 %%%%%% System Parameters
46 %%%%%%
47 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
48
49 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
50 %%%% Hemi-Sphere Parameters %%%%
51 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
52 r1 = 2.5*10^-6; % radius [m]
53 rho = 1060; % Density of Reflective Material [kg/m^3]
54 V = (2/3)*pi*r1^2; % Volume [m^3]
55 m = rho*V; % mass [kg]
56 A = pi*r1^2; % normal cross section area [m^2]
57 Ixx = (83/320)*m*r1^2; % Mass moment of inertia about i4 ...
unit vector(body frame)
58 Iyy = (2/5)*m*r1^2; % Mass moment of inertia about j4 ...
unit vector(body frame)
59 Izz = Ixx; % Mass moment of inertia about k4 ...
unit vector(body frame)
60 Ia = Ixx;
61 Icm = [Ia 0 0;...
62 0 Iyy 0;...
63 0 0 Ia]; % Mass moment of inertia tensor(body ...
frame)
64 Int = 10*10^6; % Laser Intensity [W/m^2]
65 c_sp = 3*10^8; % Speed of Light [m/s]
66
67 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
68 %%%%%%
69 %%%%%% Hemi-Sphere Initial Conditions
70 %%%%%%
71 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
72
73 th0 = 0*(pi/180); %% Precession Angle [rad]
74 phi0 = 10*(pi/180); %% Nutation Angle (Angle of Attack) [rad]
75 phid0 = 0; %% Nutation Rate [rad/s]
76 psi0 = 0*(pi/180); %% Spin Angle [rad]
77
78 ang = abs(phi0)*180/pi;
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79
80 x = phi0;
81 p1 = -1.889;
82 p2 = 4.294;
83 p3 = -2.686;
84 p4 = 0.5587;
85 p5 = -0.1754;
86 p6 = 0;
87 qtz = p1*x^5 + p2*x^4 + p3*x^3 + p4*x^2 + p5*x + p6; %% Radiation Torque ...
Efficiency
88
89 Tz = sign(phi0)*(qtz*Int*A*r1)/c_sp %% Radiaiton Torque [N-m]
90
91 b = phi0;
92
93
94 % Critical Spin Rate
95 psid0 = sqrt((4*Tz*(Ia-Iyy))/(tan(phi0)*Iyy^2))+0.1
96 %%% Note addition of 0.1 is to avoid small round off errors in thd0
97 %%% calculation which will result in complex result due to
98 %%% (Iyy*sin(b)*psid0)^2 < 4*(Ia-Iyy)*sin(b)*cos(b)*Tz
99 %%% It does not effect the results of the solution just implies a different
100 %%% initial spin rate which is not equal to the critical spin rate
101
102
103 % Preccession Initial Condition based on Given Spin and Nutation to achieve
104 % pure precession
105 thd0 = (Iyy*sin(b)*psid0 + ...
106 sqrt(((Iyy*sin(b)*psid0)^2 - ...
107 4*((Ia-Iyy)*sin(b)*cos(b)*Tz))))/(2*sin(b)*cos(b)*(Ia-Iyy));
108 %%% Note
109 %%% By altering this value of precession rate various types of nutational
110 %%% motion can be achieved, these include sinusoidal nutation, nutation
111 %%% with cusps, and loop nutation
112 thd0 = 0;
113
114 IC = [th0,thd0,phi0,phid0,psi0,psid0]; % Initial Condition Vector
115
116 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
117 %%%%%%
118 %%%%%% ODE Simulation
119 %%%%%%
120 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
121
122 t0 = 0;
123 tf = 2;
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124
125 options = odeset('RelTol',1e-8,'AbsTol',1e-8);
126
127 time_vect = linspace(0,tf,500);
128
129 [time state] = ode45(@Deriv_Hemi_CF,time_vect,IC,options);
130
131 th = state(:,1);
132 thd = state(:,2);
133 phi = state(:,3);
134 phid = state(:,4);
135 psi = state(:,5);
136 psid = state(:,6);
137
138 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
139 %%%%%%
140 %%%%%% Plots and Animation
141 %%%%%%
142 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
143
144 %%% Generate array containing position of j4 unit vector for plotting
145 %%% purposes
146
147 %%% Curvefit Coefficients for potential energy
148 p1 = -1.889;
149 p2 = 4.294;
150 p3 = -2.686;
151 p4 = 0.5587;
152 p5 = -0.1754;
153 p6 = 0;
154
155 for i=1:length(th)
156
157 %%%%%%-------- Coordinate Frames and Derivs --------%%%%%%
158
159 i1 = [1 0 0]';
160 j1 = [0 1 0]';
161 k1 = [0 0 1]';
162 % initial fixed XYZ frame
163 %%% Hemi-sphere Angles
164 i2 = cos(th(i))*i1 - sin(th(i))*k1;
165 j2 = j1;
166 k2 = sin(th(i))*i1 + cos(th(i))*k1;
167
168 i3 = i2;
169 j3 = cos(phi(i))*j2 + sin(phi(i))*k2;
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170 k3 = -sin(phi(i))*j2 + cos(phi(i))*k2;
171
172 i4 = cos(psi(i))*i3 - sin(psi(i))*k3;
173 j4 = j3;
174 k4 = sin(psi(i))*i3 + cos(psi(i))*k3;
175 %%% Unit Vectors/coordinates
176 j2 = j1;
177 k2 = sin(th(i))*i1 + cos(th(i))*k1;
178 j3 = cos(phi(i))*j2 + sin(phi(i))*k2;
179 j4 = j3;
180
181 rj4cm = [0 0 0]' + 1*r1*j4;
182
183 %%% Kinetic Energy
184 T(i) = 0.5*(Ia*(thd(i)^2*sin(phi(i))^2 + phid(i)^2) +...
185 Iyy*(thd(i)*cos(phi(i)) + psid(i))^2);
186
187 x = abs(phi(i));
188
189 %%% Potential Energy
190 U(i) = -((Int*A*r1)/c_sp)*((1/6)*p1*x^6 + (1/5)*p2*x^5 + (1/4)*p3*x^4 ...
+...
191 (1/3)*p4*x^3 + (1/2)*p5*x^2);
192
193
194 %%% Total System Energy
195 Etot(i) = T(i) + U(i);
196
197 vec(:,i) = [rj4cm(3) rj4cm(1) rj4cm(2)]';
198 %%% Form Path of Normal of Hemisphere
199 %%% Vectors are stored as (1) being the i1/x direction, (2) = j1/y
200 %%% direction and (3) = k1/z direction
201 end
202
203 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
204 %%% NOTE - X Data is placed in y, Y data is in z, and Z data is in x in
205 %%% plots due to MATLAB's axis orientation and to match this systems
206 %%% schematic this change is needed. Also note that the translational
207 %%% motion in the x, y, and z direction is removed from animation
208 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
209
210 F2 = figure(1);
211
212 % %%% Un Comment to save Video
213 % vidObj = VideoWriter('3D_Hemisphere.avi');
214 % open(vidObj);
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215 % %%%% Video Capture
216
217
218 hold on
219 a=1.5;
220 axis([-a*r1 a*r1+ -a*r1 a*r1+ -a*r1 a*r1]); %% Define Axis
221 campos([1.5 2 1.2]); %% Camera Position
222 set(F2, 'Position', [35 35 1100 700]);
223
224 axis equal
225
226 %%% Initialize Lines for animation
227 body1 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color',[1 0.7 0]);
228 body2 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color','g');
229 linkj1 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color','c');
230 link1 = line([0 0],[0 0],[0 0],'linewidth',1.5,'color','k');
231
232 %%% Form vector of lines to form circular animation sections
233 deg = 0:20:360;
234
235 for i = 1:length(deg)
236
237 link(i) = line([0 0],[0 0],[0 0],'color','r','linewidth',1.5);
238
239 end
240
241 deg2 = 0:20:180;
242
243 for i = 1:length(deg)
244
245 hemi(i) = line([0 0],[0 0],[0 ...
0],'color','k','linewidth',1.5,'linestyle','--');
246
247 end
248
249 xlabel('Z $[m]$','fontsize',16,'fontweight','bold','interpreter','latex');
250 zlabel('Y $[m]$','fontsize',16,'fontweight','bold','interpreter','latex');
251 ylabel('X $[m]$','fontsize',16,'fontweight','bold','interpreter','latex');
252 set(gca,'fontsize',12,'fontweight','bold');
253 grid
254 title('Micro View of Hemi-Sphere $ ...
$','fontsize',16,'fontweight','bold','interpreter','latex');
255 set(gca,'linewidth',1.5)
256
257 %%% Plot Normal Vector Path
258 plot3(vec(1,1:end),vec(2,1:end),vec(3,1:end),'color','k','linewidth',1.5);
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259
260
261 for i = 1:length(th)
262
263 %%%%%%-------- Coordinate Frames and Derivs --------%%%%%%
264
265 i1 = [1 0 0]';
266 j1 = [0 1 0]';
267 k1 = [0 0 1]';
268 % initial fixed XYZ frame
269
270 %%% unit vector/coordinates
271 i2 = cos(th(i))*i1 - sin(th(i))*k1;
272 j2 = j1;
273 k2 = sin(th(i))*i1 + cos(th(i))*k1;
274
275 i3 = i2;
276 j3 = cos(phi(i))*j2 + sin(phi(i))*k2;
277 k3 = -sin(phi(i))*j2 + cos(phi(i))*k2;
278
279 i4 = cos(psi(i))*i3 - sin(psi(i))*k3;
280 j4 = j3;
281 k4 = sin(psi(i))*i3 + cos(psi(i))*k3;
282
283 %%%%%%-------- R vectors --------%%%%%%
284 rAcm = [0 0 0]';
285
286 rj2cm = rAcm + 2*r1*j2;
287
288 rj1cm = rAcm + r1*j1;
289 rk3cm = rAcm + r1*k3;
290
291 ri4cm = rAcm + 1*r1*i4;
292 rj4cm = rAcm + 1*r1*j4;
293 rk4cm = rAcm + 1*r1*k4;
294
295 %%% Loop to generate Hemi-sphere circle
296 rh(1,:) = ri4cm;
297
298 for j = 2:length(deg)
299
300 ur = cos(deg(j)*pi/180)*i4 - sin(deg(j)*pi/180)*k4;
301
302 rh(j,:) = rAcm + 1*r1*ur;
303
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304 set(link(j),'xdata',[rh(j,3) rh(j-1,3)],'ydata',[rh(j,1) ...
rh(j-1,1)],'zdata',[rh(j,2) rh(j-1,2)]);
305
306 end
307
308 %%% Loop to generate hemi-sphere plane for radiation forces/torque
309 rh2(1,:) = rAcm + r1*k3;
310
311 for j = 2:length(deg2)
312
313 ur2 = cos(deg(j)*pi/180)*k3 - sin(deg(j)*pi/180)*j3;
314
315 rh2(j,:) = rAcm + 1*r1*ur2;
316
317 set(hemi(j),'xdata',[rh2(j,3) rh2(j-1,3)],'ydata',[rh2(j,1) ...
rh2(j-1,1)],'zdata',[rh2(j,2) rh2(j-1,2)]);
318
319 end
320
321 % Light Direction Vector
322 set(linkj1,'xdata',[rAcm(3) rj1cm(3)],'ydata',[rAcm(1) ...
rj1cm(1)],'zdata',[rAcm(2) rj1cm(2)]);
323
324 % Line Across Radiation Pressure Plane
325 set(link1,'xdata',[-rk3cm(3) rk3cm(3)],'ydata',[-rk3cm(1) ...
rk3cm(1)],'zdata',[-rk3cm(2) rk3cm(2)]);
326
327 %%% Body Frame Lines
328 % Spinning body vector
329 set(body1,'xdata',[rAcm(3) ri4cm(3)],'ydata',[rAcm(1) ...
ri4cm(1)],'zdata',[rAcm(2) ri4cm(2)]);
330
331 % Normal Vector
332 set(body2,'xdata',[rAcm(3) rj4cm(3)],'ydata',[rAcm(1) ...
rj4cm(1)],'zdata',[rAcm(2) rj4cm(2)]);
333
334 axis([-1*a*r1 1*a*r1 -1*a*r1 1*a*r1 -1*a*r1 1*a*r1]);
335
336 drawnow
337
338 % %%% Un Comment for Video Capture
339 % % Window Size of Video Capture
340 % rect = [35 50 1100 700];
341 %
342 % % Save Frame
343 % currframe = getframe(F2,rect);
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344 %
345 % % Write Frame
346 % writeVideo(vidObj,currframe);
347
348 end
349
350 % %%% Un Comment for Video Capture
351 % % Close Video File
352 % close(vidObj);
C.2.4 Deriv_Hemi_CF.m
1 function [statedot] = Deriv_Hemi_CF(time,state)
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 %%%%%%
6 %%%%%% - This file contains the derivative of the state vector using
7 %%%%%% curvefit values of radiaiton pressure efficiency torque. The
8 %%%%%% intensity is constant.
9 %%%%%%
10 %%%%%% - Input Variables
11 %%%%%% - time
12 %%%%%% - state = state vector of variables
13 %%%%%%
14 %%%%%% - Output Variables
15 %%%%%% - statedot = derivative of state vector
16 %%%%%%
17 %%%%%%
18 %%%%%% - By Dan Schuster, Last Update 7/1/2014
19 %%%%%% - Master's Thesis
20 %%%%%% - Rochester Institute of Techology
21 %%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 global r1 c_sp Iyy Ia A Int
27
28 th = state(1);
29 thd = state(2);
30 phi = state(3);
31 phid = state(4);
32 psi = state(5);
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33 psid = state(6);
34
35 %%%%%%-------- Radiation Pressure Angle of Attack --------%%%%%%
36 AngAtck = phi;
37 %%% Angle of attack
38
39 %%%%%%-------- Radiation Torque--------%%%%%%
40 x = abs(phi);
41 p1 = -1.889;
42 p2 = 4.294;
43 p3 = -2.686;
44 p4 = 0.5587;
45 p5 = -0.1754;
46 p6 = 0;
47 qtz = p1*x^5 + p2*x^4 + p3*x^3 + p4*x^2 + p5*x + p6;
48 % Curve fitted equation for radiation torque efficiency
49
50 Tz = sign(phi)*(qtz*Int*A*r1)/c_sp; %% Rad Torque [N-m]
51
52 thdd = phid*(Iyy*(thd*cos(phi)+psid) - 2*thd*Ia*cos(phi))/(Ia*sin(phi));
53 % Precession acceleration
54
55 phidd = (thd*sin(phi)*(Ia*thd*cos(phi) - Iyy*(thd*cos(phi)+psid))+Tz)/Ia;
56 % Nutation acceleration
57
58 psidd = (Ia*thd*phid*(1+cos(phi)^2) - Iyy*phid*cos(phi)*(thd*cos(phi) + ...
psid))/(Ia*sin(phi));
59 % Spin acceleration
60
61 statedot = [thd;...
62 thdd;...
63 phid;...
64 phidd;...
65 psid;...
66 psidd];
67
68 end
C.2.5 Hemi_Sphere_Open_Loop.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
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5 %%%%%% - This m file contains the simulation for a 3D hemisphere
6 %%%%%% influenced by radiation pressure. The laser intensity is varied
7 %%%%%% over time to allow for open loop control of the nutation angle.
8 %%%%%% In this simulation the translational motion is ignored.
9 %%%%%%
10 %%%%%% - Input Files
11 %%%%%% - mirrored or non-mirrored radiation pressure data tables
12 %%%%%% - for this simulation the non-mirrored data tables are
13 %%%%%% is in a text file, Hemisphere_noMir_Air_tr11re9.txt
14 %%%%%% - Open_Loop_Time.mat = time data file for intensity time ...
history
15 %%%%%% - Open_Loop_Intensity.mat = Intensity values for ...
corresponding time
16 %%%%%% history
17 %%%%%%
18 %%%%%% - By Dan Schuster, Last Update 7/1/2014
19 %%%%%% - Master's Thesis
20 %%%%%% - Rochester Institute of Techology
21 %%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 clc
27 clear
28 close all
29 format compact
30 warning off
31 format long
32 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
33 %%%%%%
34 %%%%%% Global Variables
35 %%%%%%
36 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
37 tic
38
39 global r1 c_sp Iyy Ia A Angle Qtz q T Ints
40
41 load('Open_Loop_Time.mat')
42 T = t';
43
44 load('Open_Loop_Intensity.mat');
45 Ints = I';
46
47 %%% Initialize Global Variables
48 q = 1;
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49 TIME = 0;
50 PHI = 0;
51 Int = 0;
52
53 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
54 %%%%%%
55 %%%%%% System Parameters
56 %%%%%%
57 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
58
59 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
60 %%%% Hemi-Sphere Parameters %%%%
61 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
62 r1 = 2.5*10^-6; % radius [m]
63 rho = 1060; % Density of Reflective Material [kg/m^3]
64 V = (2/3)*pi*r1^2; % Volume [m^3]
65 m = rho*V; % mass [kg]
66 A = pi*r1^2; % normal cross section area [m^2]
67 Ixx = (83/320)*m*r1^2; % Mass moment of inertia about i4 ...
unit vector(body frame)
68 Iyy = (2/5)*m*r1^2; % Mass moment of inertia about j4 ...
unit vector(body frame)
69 Izz = Ixx; % Mass moment of inertia about k4 ...
unit vector(body frame)
70 Ia = Ixx;
71 Icm = [Ia 0 0;...
72 0 Iyy 0;...
73 0 0 Ia]; % Mass moment of inertia tensor(body ...
frame)
74 c_sp = 3*10^8; % Speed of Light [m/s]
75
76 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
77 %%%%%%
78 %%%%%% Hemi-Sphere Initial Conditions
79 %%%%%%
80 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
81
82 th0 = 0*(pi/180); %% Precession Angle [rad]
83 thd0 = [0]; %% Precession Rate [rad/s]
84 phi0 = [40]*(pi/180); %% Nutation Angle (Angle of Attack) [rad]
85 phid0 = [20]; %% Nutation Rate [rad/s]
86 psi0 = 0*(pi/180); %% Spin Angle [rad]
87 psid0 = [60]; %% Spin Rate [rad/s]
88
89
90 IC = [th0,thd0,phi0,phid0,psi0,psid0];
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91
92 c_sp = 3*10^8; % Speed of Light [m/s]
93
94 dat = load('Hemisphere_noMir_Air_tr11re9.txt');
95
96 Angle = dat(:,1);
97 Qfx = dat(:,2);
98 Qfy = dat(:,3);
99 Qtz = dat(:,end);
100
101 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
102 %%%%%%
103 %%%%%% ODE Simulation
104 %%%%%%
105 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
106
107 t0 = 0;
108 tf = 0.06;
109
110 options = odeset('RelTol',1e-7,'AbsTol',1e-7);
111
112 time_vect = linspace(0,tf,1000);
113
114 [time state] = ode45(@Deriv_Hemi_Open_Loop,time_vect,IC,options);
115
116 th = state(:,1);
117 thd = state(:,2);
118 phi = state(:,3);
119 phid = state(:,4);
120 psi = state(:,5);
121 psid = state(:,6);
122
123
124 F1=figure(1);
125 plot(time,phi*180/pi,'linewidth',3)
126 xlabel('Time [sec]')
127 ylabel('Nutation Angle [deg]')
128 grid
C.2.6 Deriv_Hemi_Open_Loop.m
1 function [statedot] = Deriv_Hemi_Open_Loop(time,state)
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 %%%%%%
6 %%%%%% - This file contains the derivative of the state vector for the
7 %%%%%% 3D hemisphere that is effected by the open loop control
8 %%%%%% intensity time history.
9 %%%%%%
10 %%%%%% - Input Variables
11 %%%%%% - time
12 %%%%%% - state = state vector of variables
13 %%%%%%
14 %%%%%% - Output Variables
15 %%%%%% - statedot = derivative of state vector
16 %%%%%%
17 %%%%%%
18 %%%%%% - By Dan Schuster, Last Update 7/1/2014
19 %%%%%% - Master's Thesis
20 %%%%%% - Rochester Institute of Techology
21 %%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 global r1 c_sp Iyy Ia A Angle Qtz q T Ints TIME Int
27
28 th = state(1);
29 thd = state(2);
30 phi = state(3);
31 phid = state(4);
32 psi = state(5);
33 psid = state(6);
34
35 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
36 %%%%%%
37 %%%%%% Interpolate Intensity Time History Values
38 %%%%%%
39 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
40
41 TIME(q) = time;
42
43 Int(q) = interp1q(T,Ints,time);
44
45 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
46 %%%%%%
47 %%%%%% Radiation Pressure
48 %%%%%%
49 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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50 AngAtck = phi;
51 %%% Angle of attack
52
53 %%%%%%-------- Radiation Torque--------%%%%%%
54
55 ang = abs(AngAtck)*180/pi;
56 qtz = interp1(Angle,Qtz,ang);
57
58 Tz = (qtz*Int(q)*A*r1)/c_sp; %% At COM [N-m]
59
60 RadTorque = Tz*sign(phi);
61
62 q=q+1;
63
64
65 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
66 %%%%%%
67 %%%%%% Analytical Forms of Angular Accelerations
68 %%%%%%
69 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
70 dTdth = 0;
71
72 dTdphi = thd^2*sin(phi)*cos(phi)*(Ia - Iyy) - Iyy*psid*thd*sin(phi);
73
74 dTdpsi = 0;
75
76 thdd = (2*thd*phid*cos(phi)*(Iyy-Ia) + Iyy*psid*phid - ...
Iyy*thd*phid*cos(phi))/(Ia*sin(phi));
77
78 phidd = (thd^2*sin(phi)*cos(phi)*(Ia - Iyy) - Iyy*psid*thd*sin(phi) + ...
RadTorque)/Ia;
79
80 psidd = (-cos(phi)*(2*thd*phid*cos(phi)*(Iyy-Ia) + ...
Iyy*psid*phid))/(Ia*sin(phi)) +...
81 Iyy*thd*phid*sin(phi)*(1/Iyy + 1/(Ia*tan(phi)^2));
82
83 statedot = [thd;...
84 thdd;...
85 phid;...
86 phidd;...
87 psid;...
88 psidd];
89
90 end
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C.2.7 Hemi_Sphere_Closed_Loop.m
1 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%
5 %%%%%% - This m file contains the simulation for a 3D hemisphere
6 %%%%%% influenced by radiation pressure. The laser intensity is varied
7 %%%%%% over time using a closed loop PID controller to control the
8 %%%%%% angular position of the hemisphere.
9 %%%%%%
10 %%%%%% - Input Files
11 %%%%%% - mirrored or non-mirrored radiation pressure data tables
12 %%%%%% - for this simulation the non-mirrored data tables are
13 %%%%%% is in a text file, Hemisphere_noMir_Air_tr11re9.txt
14 %%%%%% - time.mat = time data file for intensity time history
15 %%%%%% - Int_Open.mat = Intensity values for corresponding time
16 %%%%%% history
17 %%%%%%
18 %%%%%% - By Dan Schuster, Last Update 7/1/2014
19 %%%%%% - Master's Thesis
20 %%%%%% - Rochester Institute of Techology
21 %%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 clc
27 clear
28 close all
29 format compact
30 warning off
31 format long
32 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
33 %%%%%%
34 %%%%%% Global Variables
35 %%%%%%
36 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
37 tic
38
39 global r1 c_sp Iyy Ia A Angle Qtz P I D q T Ints PHI TIME Int phi_int Icm Tz
40
41 phi_int = 0;
42 TIME = 0;
43 PHI = 0;
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44 Int = 0;
45
46 %%% Initialize Global Variables
47 q=1;
48
49 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
50 %%%%%%
51 %%%%%% System Parameters
52 %%%%%%
53 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
54
55 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
56 %%%% Hemi-Sphere Parameters %%%%
57 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
58 r1 = 2.5*10^-6; % radius [m]
59 rho = 1060; % Density of Reflective Material [kg/m^3]
60 V = (2/3)*pi*r1^2; % Volume [m^3]
61 m = rho*V; % mass [kg]
62 A = pi*r1^2; % normal cross section area [m^2]
63 Ixx = (83/320)*m*r1^2; % Mass moment of inertia about i4 ...
unit vector(body frame)
64 Iyy = (2/5)*m*r1^2; % Mass moment of inertia about j4 ...
unit vector(body frame)
65 Izz = Ixx; % Mass moment of inertia about k4 ...
unit vector(body frame)
66 Ia = Ixx;
67 Icm = [Ia 0 0;...
68 0 Iyy 0;...
69 0 0 Ia]; % Mass moment of inertia tensor(body ...
frame)
70 c_sp = 3*10^8; % Speed of Light [m/s]
71
72 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
73 %%%%%%
74 %%%%%% Hemi-Sphere Initial Conditions
75 %%%%%%
76 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
77
78 th0 = 0*(pi/180); %% Precession Angle
79 thd0 = 0; %% Precession Rate
80 phi0 = 40*(pi/180); %% Nutation Angle (Angle of Attack)
81 phid0 = 0; %% Nutation Rate
82 psi0 = 0*(pi/180); %% Spin Angle
83 psid0 = 20; %% Spin Rate
84
85 IC = [th0,thd0,phi0,phid0,psi0,psid0];
186
86
87 dat = load('Hemisphere_noMir_Air_tr11re9.txt');
88
89 Angle = dat(:,1);
90 Qfx = dat(:,2);
91 Qfy = dat(:,3);
92 Qtz = dat(:,end);
93
94 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
95 %%%%%%
96 %%%%%% ODE Simulation
97 %%%%%%
98 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
99
100 t0 = 0;
101 tf = 0.15;
102
103 %%% Phi 40 Psi 20
104 P = 1*10^12;
105 I = 1*10^15;
106 D = 1*10^12;
107
108 options = odeset('RelTol',1e-7,'AbsTol',1e-7);
109
110 time_vect = linspace(0,tf,40000);
111
112 [time state] = ode15s(@Deriv_Hemi_Closed_Loop,time_vect,IC,options);
113
114 th = state(:,1);
115 thd = state(:,2);
116 phi = state(:,3);
117 phid = state(:,4);
118 psi = state(:,5);
119 psid = state(:,6);
120
121 %% Calculate Intensity Time History for Plots
122 for i = 1:length(th)
123
124 if i > 1
125
126 phi_intb(i) = trapz(time(1:i),phi(1:i));
127
128 else
129
130 phi_intb(1) = 0;
131
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132 end
133
134 Intb(i) = P*phi(i) + I*phi_intb(i) + D*phid(i);
135
136 if Intb(i) < 0
137
138 Intb(i) = 0;
139
140 end
141
142 end
143
144 fprintf('\n\n\n-----Simulation Finished-----\n\n\n')
145
146 F2=figure(2)
147 subplot(1,2,1)
148 plot(time,phi*180/pi,'k','linewidth',1)
149 hold on
150 grid
151 title(sprintf('Phi %.5f^o',phi(end)*180/pi),'fontsize',15)
152 set(gca,'fontsize',15)
153
154 F2=figure(2)
155 subplot(1,2,2)
156 plot(time,Intb,'r','linewidth',1)
157 hold on
158 plot(TIME,Int,'k')
159 grid
160 title('Intensity','fontsize',15)
161 set(gca,'fontsize',15)
162 set(F2,'position',[50 50 1000 400])
163 set(gca,'Yscale','log')
164 set(gca,'Xscale','log')
165 load('Open_Loop_Time.mat')
166 T = t';
167
168 load('Open_Loop_Intensity.mat');
169 Ints = I';
170 plot(T,Ints,'m')
C.2.8 Deriv_Hemi_Closed_Loop.m
1 function [statedot] = Deriv_Hemi_Closed_Loop(time,state)
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 %%%%%%
6 %%%%%% - This file contains the derivative of the state vector for the
7 %%%%%% 3D hemisphere that is effected by the closed loop control
8 %%%%%% intensity time history.
9 %%%%%%
10 %%%%%% - Input Variables
11 %%%%%% - time
12 %%%%%% - state = state vector of variables
13 %%%%%%
14 %%%%%% - Output Variables
15 %%%%%% - statedot = derivative of state vector
16 %%%%%%
17 %%%%%%
18 %%%%%% - By Dan Schuster, Last Update 7/1/2014
19 %%%%%% - Master's Thesis
20 %%%%%% - Rochester Institute of Techology
21 %%%%%%
22 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
23 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
24 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
25
26 global r1 c_sp Iyy Ia A Angle Qtz P I D q T Ints PHI TIME Int phi_int Icm Tz
27
28 th = state(1);
29 thd = state(2);
30 phi = state(3);
31 phid = state(4);
32 psi = state(5);
33 psid = state(6);
34
35 % state
36 % pause
37 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
38 %%%%%%
39 %%%%%% Get Intensity Time History and PID Terms
40 %%%%%%
41 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
42
43 if q > 1
44
45 PHI(q) = phi;
46
47 TIME(q) = time;
48
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49 phi_int(q) = trapz(TIME,PHI); %% Integral Term
50
51 else
52
53 PHI(1) = phi;
54
55 TIME(1) = time;
56
57 phi_int(1) = 0;
58
59 end
60
61 Int(q) = P*phi + I*phi_int(q) + D*phid;
62
63 if Int(q) < 0
64
65 Int(q) = 0;
66
67 end
68 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
69 %%%%%%
70 %%%%%% Radiation Pressure Torque
71 %%%%%%
72 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
73
74 AngAtck = phi;
75
76 ang = abs(AngAtck)*180/pi;
77 qtz = interp1(Angle,Qtz,ang);
78
79 Tz = (qtz*Int(q)*A*r1)/c_sp; % Rad Torque
80
81 q = q + 1; % Counter
82
83 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
84 %%%%%%
85 %%%%%% Numerically Calculate Angular Velocities
86 %%%%%%
87 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
88
89 %%% To numerically grab the unknown state vectors an EOM file is used
90 %%% By sending all zeros to the EOM of motion file the B constants can be
91 %%% found, by sending a 1 and other zeros the constants for a column of the
92 %%% corresponding variable in the [A] matrix can be found
93
94
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95 BB = -EOM_3D_Hemi_Sphere(state,0,0,0)'; % const [B] matrix on RHS of ...
matrix [A][x] = [B]
96 % a = EOM_3D_Hemi_Sphere(state,1,0,0)' + BB
97 % pause
98 AA(:,1) = EOM_3D_Hemi_Sphere(state,1,0,0)' + BB; % thdd constants in [A]
99 AA(:,2) = EOM_3D_Hemi_Sphere(state,0,1,0)' + BB; % phidd constants in ...
[A] matrix
100 AA(:,3) = EOM_3D_Hemi_Sphere(state,0,0,1)' + BB; % psidd constants in ...
[A] matrix
101
102 % [AA][x]=[BB], b is constants reason for +b in eq is because in our equn
103
104 E = inv(AA)*BB;
105 % Get Angular Accelerations
106
107 statedot = [thd;...
108 E(1);...
109 phid;...
110 E(2);...
111 psid;...
112 E(3)];
113
114 end
C.2.9 EOM_3D_Hemi_Sphere.m
1 function [ equ ] = EOM_3D_Hemi_Sphere(state,thdd,phidd,psidd)
2 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
3 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
4 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
5 %%%%%%
6 %%%%%% - This file contains the equations of motion of the state
7 %%%%%% vector for the 3D hemisphere that is effected by the closed
8 %%%%%% loop control intensity time history.
9 %%%%%%
10 %%%%%% - Input Variables
11 %%%%%% - time
12 %%%%%% - state = state vector of variables
13 %%%%%% - thdd = precession angular acceleration
14 %%%%%% - phidd = nutation angular acceleration
15 %%%%%% - psidd = spin angular acceleration
16 %%%%%%
17 %%%%%% - Output Variables
18 %%%%%% - equ = values from EOM
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19 %%%%%%
20 %%%%%%
21 %%%%%% - By Dan Schuster, Last Update 7/1/2014
22 %%%%%% - Master's Thesis
23 %%%%%% - Rochester Institute of Techology
24 %%%%%%
25 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
26 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
27 %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
28
29 global r1 c_sp Iyy Ia A Angle Qtz P I D q T Ints PHI TIME Int phi_int Icm Tz
30
31
32 %%%%%%-------- State Variables --------%%%%%%
33
34 th = state(1);
35 thd = state(2);
36 phi = state(3);
37 phid = state(4);
38 psi = state(5);
39 psid = state(6);
40
41 %%%%%%-------- Coordinate Frames and Derivs --------%%%%%%
42
43 i1 = [1 0 0]';
44 j1 = [0 1 0]';
45 k1 = [0 0 1]';
46 %initial fixed XYZ frame
47
48 %%% Hemi-sphere Angles
49 i2 = cos(th)*i1 - sin(th)*k1;
50 j2 = j1;
51 k2 = sin(th)*i1 + cos(th)*k1;
52
53 i3 = i2;
54 j3 = cos(phi)*j2 + sin(phi)*k2;
55 k3 = -sin(phi)*j2 + cos(phi)*k2;
56
57 i4 = cos(psi)*i3 - sin(psi)*k3;
58 j4 = j3;
59 k4 = sin(psi)*i3 + cos(psi)*k3;
60
61 %%% Derivatives of coordinates;
62 i2d = -thd*sin(th)*i1 - thd*cos(th)*k1;
63 j2d = 0;
64 k2d = thd*cos(th)*i1 - thd*sin(th)*k1;
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65
66 j3d = -phid*sin(phi)*j2 + cos(phi)*j2d + phid*cos(phi)*k2 + sin(phi)*k2d;
67
68 %%%%%%-------- Transformation Matrices --------%%%%%%
69
70 %%% Hemi-sphere transformation matrices
71 T1 = [cos(th) 0 -sin(th);...
72 0 1 0;...
73 sin(th) 0 cos(th)];
74 %%% Transformation Matrix T1
75 %%% {i2 j2 k2}' = [T1]{i1 j1 k1}'
76
77 T2 = [1 0 0;...
78 0 cos(phi) sin(phi);...
79 0 -sin(phi) cos(phi)];
80 %%% Transformation Matrix T2
81 %%% {i3 j3 k3}' = [T2]{i2 j2 k2}'
82
83 T3 = [cos(psi) 0 -sin(psi);...
84 0 1 0;...
85 sin(psi) 0 cos(psi)];
86 %%% Transformation Matrix T3
87 %%% {i4 j4 k4}' = [T3]{i3 j3 k3}'
88
89 %%
90 %%%%%%-------- Angular Velocties and Accelerations --------%%%%%%
91
92 Icm_i1j1k1 = T1'*T2'*T3'*Icm*T3*T2*T1;
93 %%% Coordinate transform Mass moment of inertia matrix from body frame in
94 %%% i6 j6 k6 frame to fixed i1 j1 k1
95
96 w = thd*j1 + phid*i2 + psid*j3;
97 % Angular Velocity in i1 j1 k1 frame
98
99 % Angular Acceleration Vector
100 alpha = thdd*j1 +...
101 (phidd*i2 + phid*i2d) +...
102 (psidd*j3 + psid*j3d);
103
104 % Angular Momentum Vector
105 AM = Icm_i1j1k1*alpha + cross(w,Icm_i1j1k1*w) - Tz*sign(phi)*i3;
106
107 equ(1)=AM(1); %i1 dir
108 equ(2)=AM(2); %j1 dir
109 equ(3)=AM(3); %k1 dir
110
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111 end
